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Example increase  x_(t) x(n) | H(B) y(n) u(n)
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Introduce sample rate decrease (SDR) and sample rate increase (SRI)
In actual systems both SRD and SRI can hardly be recognized as separate entities
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2. Sampling rate decrese (SRD)

Txm)
Reduction [T I ] ] N
2T 0 T2t 41 61 8T 101 —>1t,n
factor
N=3 Tym)
i |
-3T 0 3T 6T 9T —>1t,n
Notation:
y(n) = x(nN) withn=0,+1,%2,..
Symbol of an SRD:
x(n) y(n)=x(nN)

Question: Is it possible to describe an SRD by it’s impulse response; it’s transmission
function or it’s system function? NO

It is an invariant time system

5.3
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Notation (1) y(n)=x(nN) 5 . 4

Tx(n) Ty(n)

% 7 5

AN | Ty

I
/
|
|

—v

A

—mnn-

Sampling period

Normalized frequency 0 = wT 0, = wa 0, = wTy
6] <7 6x| < 7 6,| <m
; A T
Fundamental interval lw| < /T low, | < /Tx |wy| < n/T
Relations: T, = NT;
0y = wT),, = oNT, = NO,
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Relation between spectra of x(n) and y(n)

x(n) = — j X(0,)em0xd0, = j X(8,)e /g,

-TT

X(N) = f X(8,)e/™N0xdg.

Substitute: 0y, = N0,
21 N-1 (k+1)2m
x(nN) = i.[ X H—y ejney Z f e/n vde,
T N 27TN
° N-1 2%
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0, — 6, + 2km
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5.6

2
1
v(6,) = §Z X(6, + 2k
k=0

1
= §[X(0x) + X6, + 27T/3) + X(6, + 47T/3)]
0, = 30,

Terms 2, 2*, 3 and 3* are aliasing terms.

No aliasing if
X(Hx) =0 fOT'

Then

1 1
Y(6y) = NX(Hx) = NX<—y> msbtysm
Or

1
Y(wTy) = 5 X(@T) 1, <0</,




Decimator: Ideal low pass + SRD

1 X(6)

x(n)

Decimator:

Remark:

5.7

H(8)

N y(n)

Removes unwanted spectrum and
induces no aliasing

The ideal low pass filter does not
exist; in practice actual low pass in
cascade with an SRD (decimating
filter)
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Implementation aspects

XT(n) T 3T
Non-recursive decimating filter
bO bl b2
i u(n) y(n)=u(2n)
+ —> I[N —
(T,=2T))

y(0) = u(0) = box(0) + byx(—1) + byx(=2)
y(1) = u(2) = byx(2) + byx(1) + b,x(0)
y(2) = u(4) = box(4) + b1x(3) + bx(2)

y(n) = u(2n) = byx(2n) +.b1x(2n — 1)+ by,x(2n — 2)

x(n) l>T x(nl—ll_l_ x(n-2)
A 4

IN IN IN

x(2n) x(2n-1) |, x(2n-2) Less multiplications (50%)
bO bl b2
i y(n)
—>

=+

5.8
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Recursive filter + SRD T’ T,

x(n)

So:

x(n)

bOY b

- 5.9

Y 4

y(n)=u(2n)
> INFM——

u(n)

u(n) = bpx(n) + byx(n—1) +a;u(n—1) (1)

Combine (1) and (2)

um—1) =bpx(n —1) + byx(n — 2) + aqu(n — 2) (2)

u(n) = bgx(n) + byx(n—1) + al(box(n — 1)+ byx(n—2) +au(n— 2))
= box(n) + (by+aby)x(n — 1) + a;byx(n — 2) + a;2u(n — 2)

U

u(2n) = box(2n) + (b;+a,by)x(2n — 1) + a;b;x(2n — 2) + a,?u(2n — 2)

y(n) = box(2n) + (b;+aby)x(2n — 1) + a;byx(2n —2) + a,;>y(n — 1)
x(n—ll x(n-2)

!

> T

X

IN

x(2n)

by

!

T, l

IN

IN

x(2n-1) X(
?bl +a,;byY a

2n-2)
1 bl

y(n-1)

2
CH

+

Less multiplications
(4 instead of 6 per T, seconds)

y(n)

>
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Sampling rate increase (SRI) 5 " 1 O
) T x (n)
( ( [ { { } { T\\T\ gy
5 4 -3 -2 -1 1 2 3 4 5 6 7 —>N
2T, -T, O 2T, 3T —>t
Ty
( . { l I ( \\T‘ -
'y 9 6 -3 0 3 6 9 12 15 18 21 —>nN
9‘;‘6 3T, 0 3T, 6T —t
n
X (—) or n=0,+N,+2N,
yaw={*\) 7
0 otherwise
x(n) y(n)
TN

10
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Notation

5.11

x(n) y(n) n
N y(m) = 1% (§) n=0%N%2N,..
0 otherwise
/\Tx(n) )\TY(TL)

T( ( ( { } T\T‘T {[( ] ‘T\\T\‘f
Lo —>n i —nN
Tx TV

I T T
Sampling period T, T,

Normalized frequency 0, = wT, 0y, = wT,,
16, < 6, <

Fundamental interval lw| < ”/Tx lw]| < n/Ty

. 1

Relations: T, = ET"

1 1

11
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Spectral representation of the SRI 5 1 2
()

r(oy) = Z y(n)e /"%y = Z x(%)e‘jney
= z x(k)e INkby
k=—-00(>o
XO) = ) x(weints |
o= - v(6,) =x(N6y)
= Z x(k)eIk0x |
k=—oooo
X(Ngy) = z x(k)eJkNOy
k=—o0
Therefore: Y(Hy) = X(NHy)
Or: Y(6,) = X(6,)
Or: Y(wTy) = X(wTy)

Output spectrum = input spectrum

Fundamental interval of output spectrum = N periods of fundamental interval of input

12
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How can we find an interpolated version of x(n)?

Assume:
* x(n) is a sampled version of x,(t)
*  X,(w) is band limited; x,(w)=0 for |w| = 7/,

- =23 =T/ 0 /s /3 T y

We can find X(6,) from Y(Hy):

&) e,
y

R

13
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Interpolator
Tx(n) X(L ™ vin) H(6,) ;(n) 5 o 1 4

Pl I T X6,

T H%Hx
Ty
=T \\ﬂ "y,
—>n = : — \\T’[%Q
"1,
Tz(n) : = i = 0

- T -~
— -~

w “‘W 'z ,)

|~

—>n ' — 0
1 for |6,| <T/y
H(QY) = T
0 for /NS|9y|S7T
Remark: The ideal low-pass filter does not exist.
In practice: SRl is cascade with an actual low pass filter = interpolation filter.

In general:

14

14



20/04/2020

Implementation aspects x(n) u(n)
> TN l>Tv l>Tv >Ty 5.15
bOY blY bzij% baiﬂf
y(n)
+ —>

y(0) = byu(0) + byu(—1) + bou(—2) + bsu(—3) = byx(0) + b,x(—1)
y(1) = bou(1) + byu(0) + bou(—1) + bsu(—2) = byx(0) + bgx(—1)
y(2) = box(1) + b,x(0)

y(3) = by1x(1) + b3x(0)

y(2n) = box(n) + b,x(n — 1) y(n') = byx (n?’) + b,x (%’ — 1) n' = even

y(2n+1) = byx(n) + bsx(n — 1) y(n') = byx (%) + b3x (n’2_3) n' = odd
x(n) N x(n-1)
= & y(2n)
>>—) i

—>>b2—> y(n)
b +F—

5| 1 y(2n+1)

> R

_ - b y
Ty = 3 Ty _>>3—> Less multiplications (50%)

15
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| I

Extended transposition theorem

Implementation aspects for recursive interpolating filters

5.16

- = = R

)ﬂ H(6,) IN %y(n)
U Transposition
x(n)
y(n)é— H(6,) TN
x(n)
—> TN H(6,) J(n)

I

— Decimating filter T, = NT,

Interpolating filter T,, = %Tx

16
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x(n)

—H(6y)

Transposition

Decimating recursive filter

5.17

y(n)

IN

x(n)

Y

o

y(n)
IN pb—
U from slide 5.9
X(n) AN T M T
IN IN IN T, €
b, b,+a;b,Y a; b, a,?
y(n)
+ >

17
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5.18

»Transposition: Interpolating recursive filter

> Transposition X(L ™ H(6,) y(n)
x(n)
—> TN Ty Ty €
by b, d;
y(n)
+ >
U
x(n)
A J y
T_ I a,’ Yal b, b, +a, by b,
TX
> Transposition TN TN TN
! y(n)
—> T, + > T, 2L+ —

Less multiplications (4 instead of 6 per T, seconds)

18
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Change of F, by k=N, /N,

SRI + low-pass filter + SRD

3.49

Example: N;=3and N,=2 x(n) | . X(n) — ] v(n) N ;(M
Tx(n) T, - Ty=Ni1Tx S Ty=Ni1Tx i Tﬁx—iTx
m T [BCN
[ W HHHMQ 1_I_£%0x
T2 N,=3
HM H bt "%,
i . s =)
Ty
HH Ty,
W ﬂ HHWHHHWWTWW 1 - '\ \n — 0
—> n /3 /3 y
z(n) N,=2
p H P 1z,)
i S »

19
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5.20

x(n) y(n) z(n)
) N, - gl IN, —
T, T, = MTx T, = N%Tx T, = N—ij
Two cases:
N,>N, (increase)
L X(wT,)  0<|w| <7
—X(w < |lw| £
Z(T) ={N" =~ /T,

0 T[/Tx < |(1)| < T[/TZ

N,<N, (decrease)

* In general: aliasing
* If spectrum of x(n) is band-limited to |w| < /1, then no aliasing:

1
Z(wT,) =5~ X(wTy) O =lol<"/r
2

20



—> W
T H, (w)

"/t */r — W
[ 2,(0)

"/t */r — W
1(6)

- T — Qx

A/D conversion

5.21

X, (t) ! H,(w)
X (t) l s
HZ(U)) '37;/T ‘"I/T "/IT 37TI/T% W
H,(w) T z.(w)
X —
'371!/T 'T[I/T I 7T/IT 371-IT% (1)
X, (t) A/D 12(8)
/ @ P
A/D
D | 2o =,
T H, (6,)
l H;(w)
x(n) 7, n/'z . — 9,
x'(n) TX (6,)
12 e '”}2 "I/z r T eV
1x(6,)
x(n) l ‘ ‘
e —8,

21
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T X, (w)

T

o

T H; (w)

x(n) l
12

D/A conversion
x(n)

D/A J
. LD H(®,)
X,(t) X,(N)
| Ha@) Dé’*
X,(t) X5(t)
—w H,(w)

X, (t)

a

5.22

)

- Interpolator

sz (6,)
A
X3 (w)
-3nI/T -n!/T T[/IT 3;T/T % w
T H, (w)
_3n|/T _7;/T n/IT 3;I/T —> w
T x, (w)
E7A 7

22
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