Linear time-invariant discrete (LTD) systems B o 1
‘ ‘ ‘ ‘ x(n) Discrete y(n) ’ { .
system
l I | I ’ 3 H | { [ 111 I
—> —>n
Realization: Integrated circuits Microprocessor
Software DSP
H
x(n)-ym) H is linear if:

H
Notation: x;(n) —=y;(n)

H
x2(n) >y, (n)

ayx,(n) + azxy(n) E’ a1y1(M)azy,(n)

From x;(n) =x,(n)=0

@161 (1) + g, () 5 [, (n) + @22, ()] cos(ng) = 11 (n) cos(ng) + azx, () cos(ng)

Time-invariant ?

x (= 1) > 2 (n = ng) cos(np) # y(n — ny)

H is time-invariant if: It follows
H
x(nA—no)ay(in—nO) x(n)zoiy(n)zo
: — |
S —
1
Examples 3 o 2
RN o T 1105, () = 3 ()cos ()
T o +k-2m
H
cos(n @) x2(n) > y2(n) = x,(n)cos(ng)
Linear ?

= ay1(n) + azy,(n)  Yes

No, because: y(n —ng) = x (n — ny) cos(n —ng) @

x(m) H| y(n) y(n) = x(n)?
i x? Linear ?
_T ax (n) 2 a?x(n)? = a?y(n) #ay(m) No
Time-invariant ?
x(n—ng) Bx (n—ng)? = y(n—mny) Yes
x m) . Hl y(n) y(m) = ax(n)
Linear/Time-invariant ,-4
= - .. a—
2
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Every LTD-system can be constructed from three basic elements

3.3

Adder
x1(n)
i - Y = ammm
Multiplier
x (n) % y() = ax (n)
Unit delay
x(m) 4T Fym)=x(n-1)
|
3
Difference equations Bo@]‘
x(n) T x(n—1) u(n) = ax(m) + bx(n—1) + y(n) (D
v v y) = cun—1)  (2)
u(n) u(n—1) E>F—ﬂm
+ —> T c —>
r
From (1) and (2):
y(n) = acx(n—1)+ bcx(n —2) + cy(n — 1)
; Take: x(n) = 5(n)
0 0 0 0 0
1 ac 0 0 ac
2 bc ac? (ac + b)c
: 3 0 0 (ac + b)c* (ac + b)c?
0 n<o 4 (ac + b)c®  (ac + b)c3
s y(n) = ac n=1
3 (ac+b)c™1 n=2
ee—e——
4
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Difference equation B 5
o

y(n) = box(n) + byx(n— 1)+ -+ byx(n — M) + a,y(n — 1) + -+ ayy(n — N)

M N
_ Z byx(n — i) + Z ay(n—1i) (L!near difference equations
— = with constant coefficients)

* Given x(n); find y(0), y(1),... (see previous slide)
¢ Solve the difference equation

Remark: From the differential equation an implementation can easily be found

x(n) x(n—1) x(n—M)

Ny — N\

y(n—N) y(n-N-1)

I

Impulse response 3 6
o

() h(n)
() [ hm)
system \ }
—>n ~>n
Example &(n) S(n—1) s(n—-2)
] —>n ‘ —n ‘ =
6(n f(n—1 o(n—2
m | Jee-v[ | se-2
+
h ()
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Example 3 o 7
x(n)=6 (n) ()
a I T
y(m) =x(n) +ay(n—1)
y(n)=0 n<0
x(n)=6 (n)
y) = b = o for 720 = atuw
: 0 1 0 1 h (n)
: 1 0 a a
2 0 a? a2
3 0 at al l \ EECT
T n
|

Calculate y(n) from x(n) and h(n)

[o0]

Rewrite: x(n) = Z x(Dé(n —10)
H
6(n)—>h(n)
Stn—D)Shn—0

X8 — 1) S x()h (- D)

Because of linearity and time invariance:

Z xS —i) > Z x()h (n - i)
i=-® ' ) U=-® Y J

x(m) — y(n)

So: oY)
H
xSy = Y xOhr i) = x(n) * ()
= Z h(Dx(n—1i) = h(n) = x(n) / /
e — - _

3.8

Discrete convolution
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Example ® 30@
y(n) = Z xDh(n—i) n=1 y()= Z xR = )
G BP0
1+ 1
25 /3
1/3__ ‘ I 1/3
—i ' —>i
h (=)
2/13: MuItipIy. '
171 x(Dh( —10)
]’ /3 1
] — 2/3
n=1  [A(Q-D ;
U 1+ ] ;
2/3__ -
ll pik ‘ 2__y(n)
—>i
1+
1 —

3.10

Causality
An important aspect of all physically realizable systems is causality

Definition
A system is causal if and only if the response at n = n, is not dependent on x(n;)
foralln; > n,

Proposition
An LTD system is causal if and only if h(n) = 0 forn < 0

Proof

Necessary:  Suppose h(n) # 0 for somen, < 0

x(n) = x(0)8(n) > y(n) = x(0)h(n)

or y(ne) = x(0)h(ng) # 0

Take

The value of y(n) for n = n, < 0 is determined by x(n) forn = 0,
therefore the system is not causal

A\

|
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3.11

Sufficient
Leth(n) =0forn <0
Then: 2
y(n) = h(F)x(n—k) = h(k)x(n —k) = h(0)x(n) + h(Dx(n — 1) + --
kZoo Z

Therefore:

If h(n) = 0 for n < 0 it follows that y(n) is determined by the present and
past values of x — causal system

Causale h(n) =0forn <0 |

Stability 3 o 1 2

A system is stable if and only if for every bounded input the output is bounded too:

vx(n); ()] < My S y(n); lym)l < M,

Proposition
[o0]
An LTD system is stable if and only if Z |h(n)| < My,
n=-oco
Proof
Necessary

zAssume Zlh(n)l =
p —

e s 127 00

y) = ) h@x(x =)

o y(0) = Z h(@Dx(=0) = Zlh(l)l — o

Therefore for th|s bounded input, the output is not bounded =
e me— ===

12
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Sufficient

Assume Zlh(n)l <M,
n

y) = ) h()x(n - k)
k

@l =) h0x(n - k)
k
With ()] < My
NOIEDWANGIEI NI
k k
[y )] < MMy

| stability Z [h(n)| < M,

n=—oo

< Zw«)x(n — k)| = Zmac)llx(n — k)l

3.13

M \

Proposition

lim y(n) =0
n—-oo
Proof

k=—oc0

Or:

Since H is stable:

PRLGIEA

k=—o0

We see:

Jim [y + NI =M, lim " A = 0
k=N

. ____——————

If in a stable LTD system |x(n)| < M, and x(n) = 0 for n > n, then:

y(np + N) = Z h()x(ng + N — k) = Z h(l)x(ng + N — k)
k=N

Yo+ NI < My ) [h(K)|
k=N
Jm > |Gl = 0
k=N

Allim y(n)=0 Q.E.D.

14

3.14
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|
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Examples 3 o 15
| hm | cCausal | Stable |
h(n) = 27"u(n) "l
Yes Yes
|1
h(n) = 2™u(n)
Yes No
1L r | {
h(n) = 2™u(—n)
il No Yes
i
h(n) = 27"u(—n)
No No
‘ T ikl
15

3.16

Transmission function H(8)  H(9) = Z h(n)e—in® The FTD of h(n)
n=-oco

Response to x(n) = cos(nf):
y(n) = x(n) * h(n) = Z x(n — k)h(k) = Z cos[(n — K)A]A(K)
k k

= 3 2[R0 4 0Tk = 28 Y (ke + 2o Y hk)e ko
k k k

1 no 1 . o
=§€}n H(9)+§€ n H(-0)

H(0) = A(0) e/¥®)

Remark: h(n) is real H(—0) = A(g) e~1¥(®)

y(n) = %A(G) [e/(n6+¥©) 4 e=i(n6+¥®)] = A(B)cos[no + ¥ (6)]

x(n) = cos(nf) iIn@cos[ne + ‘@]

\\

16
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3.17

For an arbitrary x(n) y(m) = x(n) * h(n)

Or: Y(0) =X(0)H(O)
Proof:

V(O) = D yme ™ = 3" N x(Oh(n = k) eI = 3" N x(h(n — k) ek
n n k k n

= D x(0e Y h(n — k) eSn-i8

k

n—k=1

= Z x(k)e™/ Z h() e ' = X(0)H(H)

k
Alternatively: [Y(0)| = [X(0)|IH ()]
Arg(Y(9)) = Arg(X(6)) + Arg(H(6))
=

17

Resume: | v | Py 301
] o

X(6) H(6)

e

Y(0) = X(0) H(H)
y(m)
u IFTD
How to determine H(6): y(n)

1. Take the FTD of h(n)
2. Take x(n) = cos(n 8) and y(n) = |H|cos(n8 + ¥)
and substitute this in the difference equation
Alternative: . .
x(n) = e/ - y(n) = H(B)e/™
3. Use the difference equation
Apply time shift property
We find an equation in X(6) and Y (0) /
Write Y (9 :
H(e):%




Example

x(n)

3.19

y(n)

T I c

y(n) =acx(n —1) + bex(n —2) + cy(n — 1) h(n) =

. . . -1 . .
= ace™® + (ac + b)e/? Z(ce‘f‘g)n = ace™® + (ac + b)e™

(ac

1. H®) = Z h(me™/ =ace ? + Z(ac + b)cle—ind
n n=2

n=2

_ ace‘je(l —ce™J ) + (ac + b)e ™ ceJ®

19

1—ce™/
_ 3 ace™/ + bce=%®
H(O) = 1—ceJ®
e —

0 n<o0
ac n=1
+b)c™!t nx=2

_]0

1—ceJ

A\

|

2. x(n) = cos(nf) f>y(n) = |H|cos(nf + ¥)

(Very complicated: see survey page 3.10)

x(n) = e/m ﬁ>y(n) = H(0)e/"®

The D.E. y(n) =acx(n—1)+ bcx(n—2)+cy(n—1)

H(G)e%= acelM=18 4 peei=2)0 4 [ (g)e/n-1)8

= ace 19e)M0 + pce2i0/M0 + cH(H)e™I0 /MO

H(@O) =

ace 8 + bce=2J

CH(O)[1—ceI?] = ace /0 + bce~2/°

3. y(n) =acx(n—-1)

3.20

+bcx(n—2) +cy(n—1)

1—ce /8 Use FTD
Y(6) = ace™19X(0) + bce 219X () + ce~19Y (0)
Y (6) ace 9 + pce=2/9
: ——=H®) = :
O 1—ce 10 %
—— 4._4 S

20/03/2020
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System function H(z) 3 2 1
i )

H(z) = Z h(n)z™™ [The ZT of h(n)]

n=—oo

The transmission function H(6) = the system function H(z) evaluated on the unit circle of
the z-plane:

A@)|, Z yo = H(e/®) = H(O)

Response to an arbitrary x(n):  y(n) = x(n) * h(n) it Y(2) =X(2) H(2)

Proof:
Y(z) = Z y(m)z ™" = Z Z x(K)h(n —k)z™" = Z x(k)Z h(n — k)z= (=1 k
n—k=1

k

- Z () 27k Z h(D)z™! = X(2) H(2) =
n /

m‘?

21

3.22

How to determine H(z):
1. The ZT of h(n)
2. x(m) =5 Z h(D)x(n— i) = Z h(i)z"E = 27 Z WD)z = 2"A(2)

Find the difference equation of the system
Take x(n) = z" and y(n) = z"H(z2)
We find an expression in H(z)

3. Use the difference equation
Use the time shift property of the ZT
x(n)=>X(2)
x(n—i)=z"X(2)

We find an expression in X(z) and ¥ (z)
Solve this equation:

;Z; = A2
= |

22
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Example x(n) y(n) 3 ® 2 3

— 5+

y(n-1)
y(m) =x(n) +ay(n—1)
h(n) = a™u(n) %— T
_ = - 1
1. H) = Z atz " = Z(a z7Hn = rpp— |z] > |al
n=0 n=0

2. x(n)=2z" en yn)=z"H(z)->yn—-1)=2z""1H(2)
ym) =x(n) +ay(n—1)
Z"H(z) = z" + az" 'H(2)
This gives: N 1
~ z
: H() = "—az" 1 1—az !
_ 3. y(n)=x(n)+ay(n—1)

U R U_ 5 . Y(2) 1
Y(2) =X(2) +az7'¥(2) » H(2) = X2 1-az?

X(@) ¥(2)

23

Example V(2)
P v > C > 3 0 2 4
Z-l
Y(2)
X(Z) a [€ d +
] +
Z-l
ble—Ll 3l e s

Define: V(z)

_ We see: V(2) = X(2) + az=V(z) + bz72V(2)
d or: V(z) = X@)
: And: Y(2) =cV(2) +dz"WV(2) + ez72V(z) = (c + dz" 1 + ez 2)V (2)
_(c+dz ' +ez)X(2)

" 1—az'—bz?

X(2) - 1-az=1—bz?

|

24
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H(2) is a rational function in z: 3 _ 2 5

B0 ag+ a1z + axz? + -+ ayz™ (z-z)(@zZ—-2)..(z— zy) ay
Z) = = E—

bo+ b1z + byz? + -+ byzV  (z—p1)(z—p3)...(z—pN) by
Partial fraction expansion (N>M)

Ay

H(Z)_ pzl-*—l—pzz1 Zl—pkzl

or: h(n) = Z APy u(n)
k=1
Stability:
o o N o N © N
D= 1> Ak <D |4k [ <)) 1Adlipgl
n=-oo n=0 |k=1 n=0 k=1 n=0k=1

- n
SESMHESWk| Finite if |py, | < 1
k=1 n=0

If one pole outside |z| = 1; |pk | >1

Ak n . .
Then ——— > (px ) Axu(n) infinite for n - oo
1—pgz?
Conclusion:
Stability «<All poles inside |z]| = 1

—_—

25

Properties of poles and zeros .
el?
1. Stability; Poles: inside |z| = 1 )
Zeroes: No restriction v,
Pl 2
~ zZ—2Z . . e’” —27Zy 0 —>
2. H(z) = je = = — 1
(@) P H(e’?) = H(®) py Re z
1

R
[H(B)| = R, ArgH(®) = ¥, — ¥,
2

3. Pole on unit circle: H(0) =
Zero on unit circle: H(B) =

O(;)}A {ArgH(®)} =7

4. All zeroes inside |z| = 1: Minimum phase network

-1
If the term 1 — az~1 (zero for z=a) is changed into 1 — ZT (zero for z=1/a), then:

The shape of [H(0)] is not changes, only ArgH(8) is changes

For a minimum phase network: The group delay —dW¥/d6 is minimal for all 6

26
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5. Stable all-pass network:
This means

(a= s (a=27h)..

H(z) =

|[H®)| =k for

(a—az Y)(a—-bz™1)..

* All polesinside |z| = 1

* Pole-zero pair: pole z=a
zero z=1/a

* All zeroes outside |z| = 1

/rlmz

z-plane

3.27

—-n<0<m

14

MEE™

Examples
h(n) = a™u(n)
z

~ 1
H(z) = 1—az 1~

zZ—a

z-plane

z=0
z=a

zero:
pole:

@
N

h(n) = p™ cos(ng) u(n)
z(z — pcos())

z(z — pcos(9))

) = o acos@) + 7%~ & = peos(@) —jpsin@) G — peos(@) T jpsm(@))
zero: z=0 z=pcos(p)
pole: z = pcos(p) ¥ jpsin(¢p)) z-plane pimz
\j ?e ) /
/
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