
20/03/2020

1

Analog to digital/Digital to analog

Digital signals:
• Originate from analog signals
• Are generated by digital generators

Theoretical description of an A/D converter

A/D
𝑥௔(𝑡) 𝑥 (𝑛)

𝑋௔ 𝜔 = න 𝑥௔ 𝑡 𝑒ି௝ఠ௧𝑑𝑡

ஶ

ିஶ

𝑥௔ 𝑡 =
1

2𝜋
න 𝑋௔ 𝜔 𝑒௝ఠ௧𝑑𝜔

ஶ

ିஶ

𝑋 𝜃 = ෍ 𝑥(𝑛)𝑒ି௝௡ఏ

ஶ

௡ୀିஶ

𝑥 𝑛 =
1

2𝜋
න 𝑋 𝜃 𝑒௝௡ఏ𝑑𝜃

గ

ିగ

Time-domain description of the ideal A/D convertor:

𝑥 𝑛 = 𝑥௔(𝑛𝑇)

Frequency domain description? analog

𝑥௔ 𝑛𝑇 =
1

2𝜋
න 𝑋௔(𝜔)𝑒௝ఠ௡்𝑑𝜔

ஶ

ିஶ

     𝜔𝑇 = 𝜃

=
1

2𝜋
න 𝑋௔

𝜃

𝑇
𝑒௝௡ఏ

𝑑𝜃

𝑇

ஶ

ିஶ

=
1

2𝜋
෍

1

𝑇

ஶ

௞ୀିஶ

න 𝑋௔

𝜃

𝑇
𝑒௝௡ఏ𝑑𝜃

௞ଶగାగ

௞ଶగିగ

           𝜃 → 𝜃 + 2𝑘𝜋

=
1

2𝜋
෍

1

𝑇

ஶ

௞ୀିஶ

න 𝑋௔

𝜃 + 2𝑘𝜋

𝑇
𝑒௝௡ ఏାଶ௞గ 𝑑(𝜃 + 2𝑘𝜋)

గ

ିగ

=
1

2𝜋
෍

1

𝑇

ஶ

௞ୀିஶ

න 𝑋௔

𝜃 + 2𝑘𝜋

𝑇
𝑒௝௡ఏ𝑑𝜃

గ

ିగ

=
1

2𝜋
න

1

𝑇
෍ 𝑋௔

𝜃 + 2𝑘𝜋

𝑇

ஶ

௞ୀିஶ

𝑒௝௡ఏ𝑑𝜃

గ

ିగ

𝑥(𝑛) =
1

2𝜋
න 𝑋(𝜃)𝑒௝௡ఏ𝑑𝜃

గ

ିగ

𝑋 𝜃 =
1

𝑇
෍ 𝑋௔

𝜃 + 2𝑘𝜋

𝑇

ஶ

௞ୀିஶ

1
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𝑋 𝜃 =
1

𝑇
෍ 𝑋௔

𝜃 + 2𝑘𝜋

𝑇

ஶ

௞ୀିஶ

=
1

𝑇
෍ 𝑋௔ 𝜔 +

2𝑘𝜋

𝑇

ஶ

௞ୀିஶ

aliasing aliasing
𝑋௔(

𝜃 + 2𝑘𝜋

𝑇
 )

𝑋௔(𝜔)

𝑋௔(𝜃)

No aliasing if: 𝑋௔ 𝜔 = 0 𝑓𝑜𝑟 𝜔 ≥ గ
்⁄  𝑜𝑟 𝜃 ≥ 𝜋

Then: 𝑋 𝜃 = 𝑋 𝜔𝑇 =
ଵ

்
𝑋௔(𝜔)

 𝑓𝑜𝑟 −
గ

்
≤ 𝜔 ≤

గ

்

 𝑜𝑟 −𝜋 ≤ 𝜃 ≤ 𝜋

𝑋௔(
𝜃 + 2𝑘𝜋

𝑇
 )

𝑋௔(𝜔)

𝑋௔(𝜃)
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Practical A/D convertor

𝑥௔(𝑡)
𝐵𝑖𝑛𝑎𝑟𝑦 
𝑛𝑢𝑚𝑏𝑒𝑟

Set of 
comparators

𝑦௔(𝑡)

Sample/Hold

Sample 
Hold

𝑥௔(𝑡)
Delay A/D Q

𝑥ௗ(𝑛)
𝑦௔(𝑡) 𝑦௔(𝑡 − 𝑇) 𝑥 (𝑛)

b-bits

𝑥ො = 2௕ିଵ𝑞

−
𝑞

2
≤ 𝑥ௗ 𝑛 − 𝑥(𝑛) ≤

𝑞

2

Influence of Q

𝑥ௗ 𝑛 = 𝑥 𝑛 + 𝑒(𝑛)
+

𝑥 (𝑛)

𝑒(𝑛)

Power 𝜎௫
ଶ of a digital signal:

𝜎௫
ଶ =

1

𝑞
න (𝑥 − 𝜇)ଶ

௤/ଶ

ି௤/ଶ

𝑑𝑥         𝑏𝑢𝑡      𝜇 = 0

Noise power:  
௤మ

ଵଶ

𝑒ଵ 𝑛 = ൝
𝑞𝑛

2𝑁ൗ 𝑛 ≤ 𝑁

0 𝑛 > 𝑁

𝜎௫
ଶ = න

1

𝑞
𝑥ଶ

௤/ଶ

ି௤/ଶ

𝑑𝑥 =
1

𝑞

𝑥ଷ

3

𝑞
2ൗ

−
𝑞

2ൗ

=
1

3𝑞

𝑞ଷ

8
+

𝑞ଷ

8
=

𝑞ଶ

12

−𝑞/2

𝑞/2

5
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Maximum signal power for a sine wave

B bits

𝑥ො = 2஻ିଵ𝑞

𝑥ாிி =
1

2
2஻ିଵ𝑞

𝑃௫ =
1

2
2ଶ஻ିଶ𝑞ଶ =

2ଶ஻𝑞ଶ

8

𝑥ො

−𝑥ො

Signal to noise ratio:
𝑆

𝑁
=

𝑃௫

𝑃௡
=

2ଶ஻𝑞ଶ

8
𝑞ଶ

12

=
12

8
2ଶ஻ =

3

2
2ଶ஻

In decibels:
𝑆

𝑁
= 10𝑙𝑜𝑔

3

2
2ଶ஻ = 10𝑙𝑜𝑔 2ଶ஻ + 10 log

3

2

= 20𝐵𝑙𝑜𝑔 2 + 1.75 = 6𝐵 + 1.75

𝑁 = 1: ෍ 𝑛ଶ = 0ଶ + 1ଶ = 1 =
1 ȉ 2 ȉ 3

6
 𝑇𝑟𝑢𝑒

ଵ

௡ୀ଴

Proof that: ෍ 𝑛ଶ =
𝑁(𝑁 + 1)(2𝑁 + 1)

6

ே

௡ୀଵ

Suppose ෍ 𝑛ଶ =
𝑁(𝑁 + 1)(2𝑁 + 1)

6

ே

௡ୀଵ

is true for N1

Prove that ෍ 𝑛ଶ =
(𝑁 + 1)(𝑁 + 2)(2𝑁 + 3)

6

ேାଵ

௡ୀଵ

෍ 𝑛ଶ = (𝑁 + 1)ଶ+ ෍ 𝑛ଶ

ே

௡ୀଵ

=

ேାଵ

௡ୀଵ

(𝑁 + 1)ଶ+
𝑁(𝑁 + 1)(2𝑁 + 1)

6

=
6(𝑁 + 1)ଶ+𝑁(𝑁 + 1)(2𝑁 + 1)

6
=

𝑁 + 1  (6𝑁 + 6 + 2𝑁ଶ + 𝑁)

6

=
𝑁 + 1  (2𝑁ଶ + 7𝑁 + 6)

6
=

(𝑁 + 1)(𝑁 + 2)(2𝑁 + 3)

6
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ADC Converters

Flash converter

One bit converter

Multistage converter

Theoretical description of a D/A convertor

D/A
𝑦௔(𝑡)𝑦 (𝑛)

n t

𝑦௔ 𝑡 = ෍ 𝑦(𝑛)𝛿௔(𝑡 − 𝑛𝑇)

ஶ

௡ୀିஶ

𝑌௔ 𝜔 = න 𝑦௔(𝑡)𝑒ି௝ఠ௧𝑑𝑡

ஶ

ିஶ

= න ෍ 𝑦(𝑛)𝛿௔(𝑡 − 𝑛𝑇)

ஶ

௡ୀିஶ

𝑒ି௝ఠ௧𝑑𝑡

ஶ

ିஶ

= ෍ 𝑦(𝑛) න 𝛿௔(𝑡 − 𝑛𝑇)𝑒ି௝ఠ௧𝑑𝑡

ஶ

ିஶ

ஶ

௡ୀିஶ

= ෍ 𝑦(𝑛)𝑒ି௝௡ఠ்

ஶ

௡ୀିஶ

= ෍ 𝑦 𝑛 𝑒ି௝௡ఏ = 𝑌(𝜃)

ஶ

௡ୀିஶ

Therefore: 𝑌௔ 𝜔 = 𝑌 𝜃 = 𝑌(𝜔𝑇)

𝑌௔(𝜔)𝑌௔(𝜃)
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Ideal A/D and D/A process

A/D
𝑥௔(𝑡) 𝑥 (𝑛)

D/A
𝑥ො௔ (𝑇)

t
T

n
t

T

Reconstruction of 𝑋௔ 𝜔 ?

See signal 
analysis 
page 5.4 
and 5.5

Reconstruction filter

ℎ௔ 𝑡 =
sin (𝜋𝑡

𝑇ൗ )

𝜋𝑡
𝑇ൗ

𝐻௔(𝜔)

𝑋௔(𝜔)

𝑋௔(𝜔) 𝑋෠௔ (𝜔)

𝑋(𝜃)

Practical D/A convertor

D/A
𝑦෤௔(𝑡)𝑦 (𝑛)

n t

D/A 𝑦෤௔(𝑡)𝑦 (𝑛)
𝑦௔(𝑡)

𝑦෤௔ 𝑡 = ෍ 𝑦(𝑛)𝑃௔(𝑡 − 𝑛𝑇)

ஶ

௡ୀିஶ

𝑌෨௔ 𝜔 = 𝑌௔ 𝜔 𝑃௔(𝜔)
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D/A
𝑦ො௔(𝑡)𝑦 (𝑛)

Pa(t)
𝑦௔(𝑡) LPF

H(ω)

𝑦෤௔(𝑡)

𝐻(𝑤) =
𝐻௔(𝑤)

𝑃௔(𝑤)
𝑌௔(𝜔)

𝑌(𝜃)

𝑌෠௔(𝜔)

𝑌෠௔(𝜔)
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