,’mw)»))) @ “DIGITAL”

Voltage : i
“ANALOGUE” EEEEEEEEEEEE, ¢
time
5,3,2,2,4,7,9,9,8,6,4,3,5,6,1
t § cooing

l QUANTIZATION

“BINARY”

DIGITAL 101,11,10,10,100,111,1001,...

 DISCRETETIME

VAN |

1.2

MOST THEORY IS DEVOTED TO THIS SIGNALS,
VERY OFTEN THEY’RE CALLED DIGITAL

ANALOGUE

1
-
|

|
1

™

| I

-
r
|
|
]

CONTINUOUS TIME
DISCRETE AMPLITUDE
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DIGITAL SIGNAL PROCESSING 4.3

ADVANTAGES REMARKS
* IC REALIZATION (SMALL, + SOFTWARE/HARDWARE
CHEAP, RELIABLE, COMPLEX REALIZATION
SYSTEMS POSSIBLE) * REALTIME/OFF-LINE
« ACCURACY (AGING, SYSTEMS
TEMPERATURE) * POSSIBILITY OF NEW
* PROGRAMABILITY FUNCTIONS
e MULTIPLEXING — IDEAL INTEGRATOR
DISADVANTAGES — PERFECT COMPENSATION
* ANALOG -> DIGITAL SYSTEM
+ A/D AND D/A CONVERSION CONVERSION
* COMPLEX CIRCUITS — EACH EUNCTION
» POWER DISSIPATION — WHOLE SYSTEM %

Example demodulator 10@1’

cos(ut) cos(wt) %cos(ut)(l + cos(2wt))

t A/D L®L L D/A %

] l
@ cos(wt) Ecos(ut)
cos(ut) cos(wt) cos?(a) + sin®(a) = 1
— i
Y T coston
cos(w
A/D sin(wt) * T D/A %
900 %@)—\L cos(ut)

@ cos(ut) sin(J)t)




APPLICATION AREAS 1.5

Space technology

Seismology (finding oil)

Radar / Sonar

Medical Systems (EEG,ECG)

Data transmission (modems, equalization)
Telephony (PCM enconding, vocoders)
Audio (voicer recognition, artificial speech)
Video (image restoration, image recognition)
Toys (speaking dolls, remote controlled)

DIGITAL SIGNALS NOTATION
1. CONTINUOUS SIGNAL x(t) « x(nT): ASEQUENCE OF
$ SAMPLES OCCURING AT
SAMPLING WITH PERIOD T REGULAR PERIODS OF TIME
$ * CONVENIENT: x(n)

2. DIGITAL SIGNAL GENERATORS

1.6

* ADIGITAL SIGNAL x(n) IS:
— DEFINED FOR ALLn

— NOT DEFINED BETWEEN THE
SAMPLES

DIGITAL SIGNAL x(nT)

20/03/2020



Representation in the time domain

x,(n
Example 1 6”T i)

0 elsewhere

x,(n) = {n for

1.7

0<n<é6

Finite duration

—>n

-4 -2 0 2 4 6 8 10

Finite duration if: x(n) = O{

12

n<N;
n>N,

x,(n

: Example 2 11,T 2(n) o = 08" for n>0

: W=V 0 for n<o0

i Bl ( T Infinite duration

: T [ 111 —n

2 o 2 4 6 8 10 ’4
7"'- R

| = E_ = - £

7

Important signals
p g pl 862 10
1. The unit impulse §(n)
1 n=0
on) = {0 n=0
—n
4 2 o 2 4 6 8 10 12
o(n—4
Shifted version le (n )
~N_J1 n=i
§(n—l)_{0 N
—>n
4 2 o 2 4 6 8 10 12
We can write: ©
x(m) =+ x(-1)8(Mm + 1) + x(0)6(n) + x(1)6(n — 1) + - :Z x(k)8(n — k)
k=—o

Special form of convolution: x(n) * y(n) =

. ____——————

8

> x@ym—io

k=—o0

p—

\
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MEXICO

£ RESERVADOS ©

008 LOS DEREC HO!

2. The unit step function u(n)

Q)

-4 -2 0 2

[oe]

)]

(o]

u(n) = Z w()s(n—k) = Z S(n—k)
k=0

k=—0o0

@ MEXICD,

5 AESCAVADOS

TODOS LOS DERECHO!

3. The sinusoidal signal

Example: A=1;0 = "/,and ¢ =0

x(n) = sin(™/)

1”T sin(mn/4)
/

=

1.10

x(n) = Asin(né + @)
Ais amplitude
@ is relative frequency
@ is phase

|

—=n

Period

"‘\ sin(rin/4) is periodic with
\ period N=8

sin(n"/4) 2 sin[n(n + 8)/4] =

. (nn+2 )_ . n
sin{ T —smy

20/03/2020



Example: x(n) = sin(n)

1.11

A digital signal is periodic of some period N; if N is the smallest integer for which

x(n+ N)=x(n) foralln

If x(n) is periodic, it must be of infinite duration (except x(n) = 0)

?
Is a sinusoidal signal periodic? Asin(nf + @) = Asin[(n+ N)8 + ¢] =
Asin(nd + ¢ + NO)
. k
Only if: N = k2r or9=ﬁ2n 17¢ x(n)

. m
Previous example: 6 = 7 =27

. ____——————

12

1.12

Consider three sinusoidal signals: 6,=6 6, =2nr—0 0;=0+2m
with0 <o <m
x1(n) = Asin(nf;) = A sin(nf)

x,(n) = Asin(nf,) = A sin(n(Zn - 9)) = Asin(n2m — nf) = A sin(—nb)= —A sin(n6)
x3(n) = Asin(nf;) = A sin(n(Zn + 9)) = Asin(n2m + nf)= A sin(nh)
We see: x;(n)=—x,(n)=x3(n) (They are indistinguishable)

For every 8 outside the interval [0, ] there corresponds a 8'inside [0, t] which gives
the same time function.

The relative frequency @ is always in the interval 0 < 8 < m

M \
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Frequency description 1 1 3
a]

Survey signal analysis page 1.6:

6 is the normalized frequency
The Fourier transformation for a discrete signal is:

[e4)

X)) = Z x(n)e~/m¢  (DFT)

n=-—oo

x(n) = %f X(0)e/m?dg (IFTD)

g Remarks:
’ 1. Alternatives: X (e/9); X(e/?); X*(jw)
: 2. X(0) is a complex function:

X =R+jl =4e/¥ R,I,AandV¥ are functions of 6
& 3. 6 is a relative frequency 8 = wT

4. DFT exists if Z [x(n)| < o
% n=-—oo

5. X(0) is periodic with period 6 = 21 —
— ol =

13

\

|

Proof X(0) = i x(n)e~in® 10 1@}

n=—oo
X(6 + 2rk) = Z x(n)e—/n@+2mk) — Z x(n)e=mPe~J = Z x(n)e~ /"0 = x(6)
n=-oo n=-—oo n=—oo

Therefore: X(0)=X(0 + 2nk)

Fur?damental
T x(n) interval T X(H)
11101
—n %ZT[ —0

We have seen: sin(n §) assume 0 < 6 <m

jné _ ,—jnb .
e e Therefore: for e/%™ assume —-m1 < 6 <= %
——

_— smm—

But: sin(nf) = T
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Examples - 1 15
—jné _ ,—j60 ©
LX) = 6(n) XO) = ) (eIt =i =1
n=-—oo
&(n) X(e) e
14t e
—>n —>8
4 2 o 2 4 6 8 10 12 T n
[ 1 1 4(e)
: 2. x(n)=48(n—1i)
X(0) = z §(n— e~/ = e7J0! 8
n=-co " ) "
1o —4 —
o
-4 2 ol 2 4 6 8 10 12
— —————= =
15
1.16
3. x(n)—{0 n<0 lal <1 o
X@) = ) xme =Y ane 0 =3 (ae ) forlal<1
n=-o n=0 n=0
1 1
" 1—aej% " 1-—acos(8) + ajsin(6)
A(0) = 1 _ 1
~ |1 —2acos() + a2cos?(0) + a?sin? (8) ~ |1 — 2acos(8) + a?
asin(6
g Y(H) = —arctan (#)
44 1xn) 1 — acos(8)
T k- — xn
—
16



Properties 1 1 7
a]

1. Linearity ah(n) + bg(n) & aH(0) + bG(c)
2. Time shift h(n —i) & H()e 1o

3. Frequency shift  h(n)e/™% « H(O — 6,)
2h(n) cos(nfy) & H(O — 6y) + H(O + 6;)

Modulation 1
2h(n) sin(nf,) & }— [H(6 —6y) —H(O + 6))]

y(m) = h(n) x g(n) & H(O)G(8) = Y(6)
y(n) = h(n)g(n) & H(O) » G(6) =Y ()

4. Convolution

R = g = > kD9~ k)

k=—0o0
Remark:

—

1 Y
HO)+6©) =5 [ HOGE - —=
=—— - i —— -

17

5. Relation of Parseval 10 1

o]

Z [h(n)|? = %IHIH(B)IZdH 6. h(n) real [h(n) = h*(n)]
n=-co o H(#) = H*(=0) < R(H) = R(—6)
1) = —I(=6)
A6) = A(-0)
7. h(n) even [h(n) = h (—n)] ¥Y() =-¥(-0)
10) =0

_HEO) = Z h(n)e=im® = h(0) + Z h(n)e=I"® + h(=n)e/n
8 n=1

n=-—oo

= h(0) + Z h(n)(e ™m0 + /%) =h(0) + 2 Z h(n)cos(nB)
n=1 n=1

8. h(n) odd [h(n) = —h (—n)]

H() = ZjZ h(n)sin(n) ,4
n=1

k;

18
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Z-Transform 1 19
(e}

* Continues-time
FTC: Real frequencies for w
Laplace: Complex frequencies s
(poles/zeroes)
¢ Discrete/time
FTD: Real frequencies

Normalized ©

Un-normalized w
Complex frequencies | ?
Poles/zeroes

Z-Transform

* zisthe complex frequency
* There is a relation between the z-transform and the FTD
* The z transform is a universal transform for digital signals and digital systems

—

m‘?

19

Definition © 1 (6] 2@

X(2) = Z x(n)z™" (zT)

n=—oo

* Zzisacomplex number
+ X(2) is also complex and is defined for those values of z for which X (z) converges

The inverse transformation is defined by:

x(n) = %f X(2)z"tdz (1ZT)

* Cis any closed contour in the region of convergence that encloses z=0
* Fortunately the IZT is never used in practice

T(Z) _ AO + Alz_l + .-
" N(@) Bg+Bizl4-

\

|
|

20
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— 1.21

1. x(n)=680n) - X = Sz "=2z"%=1

n=—oo

2. x()=86mn-k) > K@) = Z S(n—k)z = 77k

n=—oo
|1 for In|<N 1Al
3. x(n)= {0 for Inl>N R
N
X(2) = 27" = ZN 4 ZN-1 4 g =N+l 4 5-N

n=—N . .
LI
g [
’ 4. x(n) = a"u(n) timz
; X(2) = Z az ™" = Z(az‘l)” = —1
1—az!

n=0 n=0

—>Rez

§ for laz7ll<1
g or |z|>lal

21

1 1.22
5. x(n) = p"cos(np)u(n) = Ep"[ej""’ + e_j""’]u(n)

X(2) = %Z [phe/™® + pre=in¢] zn = %Z [p ej‘pz‘l]n + %Z [p e‘j‘Pz‘l]n
=0 n=0 n=0

1+1—pz7l(ef? +e77?)
1—pz1(eJ® + e J®) + p2z—2

n
1 1 1 1
-2 [1 — pelez—1 + 1-— pe‘j‘ﬂz‘ll -2
1 — pz~cos(p)

X(2) = 1 —2pz~tcos(p) + p2z~2

¢ 6. x(n) = p"sin(np) u(n)

pz”sin(¢)

X(2) = 1 —2pz~tcos(p) + p2z~2

11
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p"cos(np)u(n) & 1~ pz7 cos(9) 1023

1—2pz=cos(p) + p?z~2

pz”'sin(ep)
1—2pz~cos(p) + p?z~2

p"sin(ng) u(n) &

- ap+ a;z7t
- e =?
X(Z) 1+ blz_l + sz_Z < X(n) '
Example 1
~ 2 '|‘EZ_1
X(2) = —F——5— < [4p" cos(ng) + Bp" sin(ng)Ju(n)
1-5z7t+52z72
3 9
. _ A+ (Bp sin(p) — Ap cos(p))z™"
g T 1-2pz1 cos((p) + p2z-2
- A=2 1 . 2
g Bp sin(p) — Ap cos(p) = 3 §B sin(p) — §COS(¢) 6
i 2 1 s
2p cos(p) = 3 §C05(<P) =3 2= 3
8 1 1 1 2 B 1 1
: 2 _ -
. pr=gop=3 SBsin(p) - % = =-3=¢°B=
5 3 3 B sin(¢p) cos(go) 25 36 ->B=13

1
245zt n
0= e < o) () (5]

— -1 — 2
l+327 +57

23

Inverse transformation 1 2 @;L
1. Use 1ZT formula o
2. Partial fraction expansion
Rz = —oimoZ ¥ Z o) + a1y
1 +2§-4:1 ij_j 1 BL -1 1- bljZ_l + ijZ_Z
1

x(n) = Z a;(B)"un) + Z(Aj cos(ng;) + B; sin(ng;))p™u(n)

i=1 =1

Remark: if N > M there are additional terms

N-M N-M
R .t Z Rz ot Z c6(n—k)
; k=1 k=1

3. Ordinary division

L X@=agtaz az it = Z azzk

k=0
[e]

‘ x(n) =ayd(n) +a;6(n—1)+a,6(n—-2)+ - = Z aé(n—k)

k=0

12



Example 1 25
9+21z71 +32z72 9+ 21z71 432272 e

X(2) = =
=T v9, 76,3 Q4201 +32 1679
_ A+Bz ! N C  (A+Bz)(A+zH)+C(A+327"+627%)
T 143z 146272 142717 (1+z 1)1 +32z714+6272)

_(A+0)+(A+B+30)z' +(B+60)z"?
B (1+z DA +3z71+6272)
We see: pic=9
A+B+3C=21 — A=4; B=2; C=5

B+6C=32
Ry oAtz _
Y e AR W i)

7-7-' ]
= — — _—=====————
25

Examples 1 26
1—z1-52z72-3273 o

a.X(z) = T3,
Divide: 1—3z7! /1—-z"1—-5z72-3z73 \ 1+2z7 %4272
1-3z71 )
277152723773
2z 6272 }
z723z73
z723z73 i
~ 0
X@=1+22""4272 5 x(m) = () +26(n — 1) + §(n - 2)
i o 1
i bX@)=r—ms= 14+az t+a%z72+ -
3 1—-az

i x(n)=56n) +ad(n—1) +a?6(n—2) + - = a™u(n)

\

|

w
|

20/03/2020
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Properties of the z-transform 1 27
fa]

1. Linearity
ah(n) + bg(n) < al(z) + bG(2)
2. Time shift
h(n—1i) &z H(2)
3. Scaling
a™h(n) & H(*/q)
4. Convolution

h(n) * g(n) & H(2)G(2)

Where: h(n) * g(n) = Z h(i)g(n —1i)

i=—c0

- o The fundamental interval —m < 8 < m of X(6)
= X(2) 7= eje:X(eJB) =X() corresponds to the unit circle |z| = 1in the
z-domain
T e im=—1
§ /2 e im/2 = —j
0 el0 =1
n/2 elm/2 = j /
= s el™ = -1
_

28

Relation between ZT and DFT 1 2
2 o

X(2) = Z x(n)z™" (zT)
X)) = Z x(n)e /8 (FTD)

Now substitute z = e/¢ into the ZT;

20/03/2020
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W 1.29
/ \
f \\
f \
/ \ N
B =5 = T
2 2
X(2) T
2=]
z=e” Imz
> |
”“"”\I\I\Im
N wwﬂﬂm|||\|NH||\|“||\””
o=+
2=-1
0=-11/2
e T = J

29
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