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Digital filters
Classifications:
• Structure
1. Non recursive Digital Filters (NRDF)
2. Recursive Digital Filters (RDF)
• Impulse response
3. Finite impulse Response Digital Filters (FIR)
4. Infinite impulse Response Digital Filters (IIR)

Relations:
NRDF FIR
RDF IIR

This means:
NRDF always FIR
IIR   always RDF
FIR both NRDF and RDF 
RDF both FIR and IIR

1. NRDF: Each digital filter can be described by a set of difference equations.
Variables: x(n) input signal

y(n) output signal
u1(n), u2(n),… internal variable 

Example

𝑇

+

𝑏𝑎

𝑇

𝑥(𝑛)

𝑢1(𝑛) 𝑦(𝑛)+ 𝑢2(𝑛)

𝑢ଵ 𝑛 = 𝑎𝑥 𝑛 + 𝑏𝑥(𝑛 − 1)
𝑢ଶ 𝑛 = 𝑢ଵ 𝑛 + 𝑦 𝑛

𝑦 𝑛 = 𝑐𝑢ଶ 𝑛 − 1
𝑦 𝑛   = 𝑐𝑢ଵ 𝑛 − 1 + 𝑐𝑦 𝑛 − 1

A set of difference equations is called non recursive if none of the 𝑢𝑖(𝑛) or 𝑦(𝑛)
depends on previous values of itself (no feedback)

Therefore: The example is a recursive structure

Remark: In the survey a none theoretical treatment is given
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Example

𝑇

+

𝑎1

𝑥(𝑛)

𝑢
 
(𝑛)

𝑦(𝑛)

+ 𝑢
 
(𝑛 − 1)

T

𝑎2

𝑏1 𝑐1 𝑐2

𝑥
 
(𝑛 − 1)

𝑢 𝑛 = 𝑎ଵ𝑥 𝑛 + 𝑎ଶ𝑥 𝑛 − 1                    (1)

𝑦 𝑛 = 𝑏ଵ𝑥 𝑛 + 𝑐ଵ𝑢 𝑛 + 𝑐ଶ𝑢 𝑛 − 1  (2)

Special form: transversal filter

From (1):

𝑢 𝑛 = 𝑎ଵ𝑥 𝑛 + 𝑎ଶ𝑥 𝑛 − 1                  (3)

𝑢 𝑛 − 1 = 𝑎ଵ𝑥 𝑛 − 1 + 𝑎ଶ𝑥 𝑛 − 2  (4)

𝑦 𝑛 = 𝑏ଵ𝑥 𝑛 + 𝑐ଵ𝑎ଵ𝑥 𝑛 + 𝑐ଵ𝑎ଶ𝑥 𝑛 − 1 + 𝑐ଶ𝑎ଵ𝑥 𝑛 − 1 + 𝑐ଶ𝑎ଶ𝑥 𝑛 − 2

= (𝑏ଵ+𝑐ଵ𝑎ଵ)𝑥 𝑛 + (𝑐ଵ𝑎ଶ + 𝑐ଶ𝑎ଵ)𝑥 𝑛 − 1 + 𝑐ଶ𝑎ଶ𝑥 𝑛 − 2

= 𝐴ଵ 𝑥 𝑛 + 𝐴ଶ𝑥 𝑛 − 1 + 𝐴ଷ𝑥 𝑛 − 2

General:

See section on FIR filters

𝑦 𝑛 = ෍ 𝐴௜𝑥(𝑛 − 𝑖)

ெ

௜ୀ଴

h n = ቊ
0 𝑓𝑜𝑟 𝑛 < 0 𝑎𝑛𝑑 𝑛 > 𝑀

𝐴ெ 𝑓𝑜𝑟 0 ≤ 𝑛 ≤ 𝑀

Substitute (3) and (4) into (2):

2. RDF
• In an RDF at least one of the variables depends on previous values of itself
• Any RDF must contain at least one closed loop
• Realizability: each closed loop contains at least one delay element

Example 1

Example 2

Remark: exact cancelation from “forward” and “feedback” path.

𝑎

𝑥(𝑛) 𝑦(𝑛)+

𝑇

𝑦 𝑛 = 𝑥 𝑛 − 1 + 𝑎𝑦(𝑛 − 1)

ℎ 𝑛 = ቊ
0 𝑛 ≤ 0

𝑎௡ିଵ 𝑛 ≥ 1

IIR filter (RDF)

𝑇 𝑇 𝑇 𝑇

+

𝑇

𝑥(𝑛)

𝑦(𝑛)

𝑎

-𝑎4

𝑦 𝑛 = −𝑎ସ𝑥 𝑛 − 5 + 𝑎𝑦(𝑛 − 1)

ℎ 𝑛 = ቐ
0 𝑛 ≤ 0

𝑎௡ିଵ 1 ≤ 𝑛 ≤ 4
0 𝑛 ≥ 5

n

ℎ (𝑛)

Example a = 1/2

FIR filter (RDF)
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Initial conditions
Until now it was assumed that a digital filter is started with empty registers with initial 
conditions:
• For a NRDF the influence of the initial conditions 

has disappeared after at most N periods 
( 𝑁 =  𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 ℎ(𝑛) )

• For a RDF an addition response results
• If the filter is stable, 

the transient response disappears
• Even for a FIR filter the transient 

may have an infinite duration

𝑥 𝑛 ≡ 0 → 𝑦 𝑛 = −𝑎ସ𝛿 𝑛 − 1 − 𝑎ହ𝛿 𝑛 − 2 − ⋯ = ቊ
0 𝑛 ≤ 0

−𝑎௡ିହ 𝑛 ≥ 1

3. FIR filter
A causal FIR filter of “length” N+1:

• ℎ(𝑛) = 0 𝑓𝑜𝑟 𝑛 < 0 𝑎𝑛𝑑 𝑛 > 𝑁

• Is stable because 

Transmission function:

System function:

N zeros in the z-plane, N poles in z=0 (thus filter is stable)

Transversal filter 
or 
direct form structure

෍ ℎ(𝑛) = ෍ ℎ(𝑛)

ே

௡ୀ଴

 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒

ஶ

௡ୀିஶ

𝐻 𝜃 = ෍ ℎ(𝑛)𝑒ି௝௡ఏ

ே

௡ୀ଴

𝐻෩ 𝑧 = ෍ ℎ 𝑛 𝑧ି௡ = ℎ 0 + ℎ 1 𝑧ିଵ + ⋯ + ℎ 𝑁 𝑧ିே

ே

௡ୀ଴

=
௛ ଴ ௭ಿା௛ ଵ ௭ಿషభା⋯ା௛ ே

௭ಿ =
௛ ଴

௭ಿ (𝑧 − 𝑧ଵ)(𝑧 − 𝑧ଶ)…(𝑧 − 𝑧ே)
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𝑦(𝑛)T +

ℎ(𝑁)

T +

ℎ(𝑁 − 1) ℎ(𝑁 − 2)

+ T +

ℎ(1) ℎ(0)

𝑢0(𝑛)

𝑢0(𝑛 − 1)

𝑢1(𝑛) 𝑢2(𝑛) 𝑢𝑁 − 1(
𝑛) 𝑢𝑁 

(𝑛) = 𝑦(𝑛)

Transpose direct form
Define 𝑢଴ 𝑛 … 𝑢ே(𝑛) 𝑥 𝑛 = 𝛿(𝑛)

𝑢଴ 𝑛 = ℎ 𝑁 𝑥(𝑛)

𝑢ଵ 𝑛 = ℎ 𝑁 − 1 𝑥 𝑛 + 𝑢଴(𝑛 − 1)

𝑢ଶ 𝑛 = ℎ 𝑁 − 2 𝑥 𝑛 + 𝑢ଵ(𝑛 − 1)

𝑢௞ 𝑛 = ℎ 𝑁 − 𝑘 𝑥 𝑛 + 𝑢௞ିଵ(𝑛 − 1)

𝑢ே 𝑛 = ℎ 0 𝑥 𝑛 + 𝑢ேିଵ(𝑛 − 1)

𝑦 𝑛 = 𝑢ே(𝑛)

= ℎ(𝑁)𝛿(𝑛)

= ℎ 𝑁 − 1 𝛿 𝑛 + ℎ(𝑁)𝛿(𝑛 − 1)

= ℎ 𝑁 − 2 𝛿 𝑛 + ℎ 𝑁 − 1 𝛿 𝑛 − 1 + ℎ(𝑁)𝛿(𝑛 − 2)

= ℎ 𝑁 − 𝑘 𝛿 𝑛 + ℎ 𝑁 − 𝑘 + 1 𝛿 𝑛 − 1 + ⋯ + ℎ(𝑁)𝛿(𝑛 − 𝑘)

= ℎ 0 𝛿 𝑛 + ℎ 1 𝛿 𝑛 − 1 + ⋯ + ℎ(𝑁)𝛿(𝑛 − 𝑁)

= 𝑦(𝑛) = ෍ ℎ 𝑘 𝛿 𝑛 − 𝑘 = ℎ(𝑛)

ே

௞ୀ଴

⋮ ⋮

⋮ ⋮

Both structures use:
• N registers (less than N is impossible)

They are called canonic realizations

Both structures require:
• N+1 multiplications
• N additions Computationally equivalent

Example

5 delay elements
2 multipliers

2 multiplications + 2 additions per y(n)

4 delay elements
3 multipliers

3 multiplications + 3 additions per y(n)

n

ℎ (𝑛)
1

𝑎

𝑎ଶ

𝑎ଷ
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Group Delay
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Important property of FIR filters

It is possible to have a linear phase Ψ(𝜃); this means a constant group delay 𝜏௚ = − ௗஏ(ఏ)
ௗఏൗ

A FIR filter has a linear phase if for an integer k and for all n:

Causality: ℎ 𝑛 = 0 𝑓𝑜𝑟 𝑛 ≤ 0
Therefore: ℎ 𝑛 = 0 𝑓𝑜𝑟 𝑛 > 𝑘

Examples

ℎ 𝑛 = ℎ(𝑘 − 𝑛) 𝑜𝑟 ℎ 𝑛 = −ℎ(𝑘 − 𝑛)

n

ℎ (𝑛)

0      2      4      6      8     10

K=10

n

ℎ (𝑛)

0     2      4     6      8    10 11

K=11

n

ℎ (𝑛)

0        2               6      

K=10
4              8     10

n

ℎ (𝑛)

0        2             6      

K=11
4             8    10 11

ℎ 𝑛 = ℎ(𝑘 − 𝑛)

ℎ 𝑛 = −ℎ(𝑘 − 𝑛)
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Special FIR filter

a. Difference routing digital filter (DRDF)

ℎ(𝑛)
𝑥(𝑛) 𝑦(𝑛) = 𝑥(𝑛) ∗ ℎ(𝑛)

Define: 𝑑(𝑛) = ℎ(𝑛) − ℎ(𝑛 − 1)    Smaller dynamic range

𝑦 𝑛 = ෍ ℎ 𝑛 − 𝑘 𝑥(𝑘)

௞

𝑦 𝑛 − 1 = ෍ ℎ 𝑛 − 1 − 𝑘 𝑥(𝑘)

௞

𝑦 𝑛 − 𝑦 𝑛 − 1 = 𝑢(𝑛) = ෍ ℎ 𝑛 − 𝑘 − ℎ 𝑛 − 1 − 𝑘 𝑥(𝑘)

௞

= ෍ 𝑑 𝑛 − 𝑘 𝑥 𝑘 = 𝑑(𝑛) ∗ 𝑥(𝑛)

௞

𝑢 𝑛 = 𝑦 𝑛 − 𝑦 𝑛 − 1 = 𝑑(𝑛) ∗ 𝑥(𝑛)

𝑦 𝑛 = 𝑢 𝑛 + 𝑦(𝑛 − 1) 𝑤𝑖𝑡ℎ 𝑢 𝑛 = 𝑑(𝑛) ∗ 𝑥(𝑛) 

Therefore:

b. Comb filters

In a digital filter: 
replace each delay element 𝑇 by a cascade of N delay elements 
or replace each Z-1 by Z-N or Z by ZN

Example 1

𝐻෩ 𝑧 → 𝐺෨ 𝑧 = 𝐻෩ 𝑧ே

𝐻 𝜃 = 𝐻෩ 𝑒௝ఏ → 𝐺 𝜃 = 𝐺෨ 𝑒௝ఏ = 𝐻෩ 𝑒௝ேఏ

= 𝐻(𝑁𝜃)

θ

𝐻(𝜃)

-π 0                                                           π

N=3

θ

𝐺(𝜃)

-π - π/3                  0               π/3                                    π

23
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Example 2

+

T
x(n)

y(n)
-1

𝐻෩ 𝑧 = 1 − 𝑧ିଵ =
𝑧 − 1

𝑧
Zero: z=1 ; Pole: z=0

𝐻 𝜃 = 1 − 𝑒ି௝ఏ = 2𝑗𝑠𝑖𝑛
𝜃

2
𝑒ି௝

ఏ
ଶ

T T T T

+

x(n)

y(n)
-1

T𝐻෩ 𝑧 = 1 − 𝑧ିହ =
𝑧ହ − 1

𝑧ହ

5 zeros: 

5 poles in z=0

𝑧௞ = 𝑒ି௝ଶగ௞
ହൗ  

𝑘 = 1,2,3,4

𝐻 𝜃 = 1 − 𝑒ିହ௝ఏ = 2𝑗𝑠𝑖𝑛
5𝜃

2
𝑒ି௝

ହఏ
ଶ

θ

𝐴(𝜃)

-π 0                                                         π

θ

𝐴(𝜃)

-π 0                                                         π

x o

x
o

o
o

o

o

c. Frequency sampling filter

x(n) y(n)
1 − 𝑧ିே

𝐻ଶ
𝑁ൗ

1 − 𝑧ିଵ𝑒௝ସగ
ேൗ

+

𝐻ିଶ
𝑁ൗ

1 − 𝑧ିଵ𝑒ି௝ସగ
ேൗ

III

𝐻ଶ
𝑁ൗ

1 − 𝑧ିଵ𝑒௝ଶగ
ேൗ

+

𝐻ିଶ
𝑁ൗ

1 − 𝑧ିଵ𝑒ି௝ଶగ
ேൗ

II

I𝐻଴
𝑁ൗ

1 − 𝑧ିଵ

+

N=8
Im z

Re z

x

x

x

x

Im z

Re z

I

II
III

II

III

θ H(θ)

0 𝐻଴

2𝜋
𝑁ൗ 𝐻ଵ

− 2𝜋
𝑁ൗ 𝐻ିଵ = 𝐻ଵ

∗

4𝜋
𝑁ൗ 𝐻ଶ

− 4𝜋
𝑁ൗ 𝐻ିଶ = 𝐻ଶ

∗

⋮ ⋮

o

o

o
o

o

o

o
o

If ℎ(𝑛) real

25
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Example: N=5
Choose: 𝐻ିଶ = 𝐻0 = 𝐻2 = 0 and 𝐻ିଵ = 𝐻1 = 5

Recursive part of 𝐻(𝑧):

𝐻ଵ
𝑁ൗ

1 − 𝑧ିଵ𝑒௝ଶగ
ேൗ

+

𝐻ିଵ
𝑁ൗ

1 − 𝑧ିଵ𝑒ି௝ଶగ
ேൗ

=
1

1 − 𝑧ିଵ𝑒௝ଶగ
ହൗ

+
1

1 − 𝑧ିଵ𝑒ି௝ గ
ହൗ

=
2 − 2𝑧ିଵcos 2𝜋

5ൗ

1 − 2𝑧ିଵ cos 2𝜋
5ൗ + 𝑧ିଶ

𝐻(𝑧) = (1 − 𝑧ିହ)
2 − 2𝑧ିଵcos 2𝜋

5ൗ

1 − 2𝑧ିଵ cos 2𝜋
5ൗ + 𝑧ିଶ

2 − 2𝑧ିଵcos 2𝜋
5ൗ

1 − 2𝑧ିଵ cos 2𝜋
5ൗ + 𝑧ିଶ

(1 − 𝑧ିହ)
𝑥(𝑛) 𝑦(𝑛)𝑢(𝑛)

𝐻ଵ(𝜃)
𝐻ଶ(𝜃)

θ

𝐴(𝜃)

-π 0                                                         π

𝐻ଵ

𝐻ଶ 𝐻ଵ𝐻ଶ
5

Realization

𝐻 𝑧 = 1 − 𝑧ିହ
2 − 2𝑧ିଵ cos 2𝜋

5ൗ

1 − 2𝑧ିଵ cos 2𝜋
5ൗ + 𝑧ିଶ

= (1 − 𝑧ିହ)
2 − 0.618𝑧ିଵ

1 − 0.618𝑧ିଵ + 𝑧ିଶ

𝑇 𝑇 𝑇 𝑇

+

𝑥(𝑛)

𝑦(𝑛)

-1
𝑇

𝑇

+

𝑇𝑇

-1

2 -0.618

0.618

2 − 0.618𝑧ିଵ

1 − 0.618𝑧ିଵ + 𝑧ିଶ

(1 − 𝑧ିହ)

Be careful !
Initial conditions !
Quantization of the coefficients !

27
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Adventages of the frequency sampling filter
Very simple for narrow band filter

1 multiplication
3 multiplications
3 multiplications

7 multiplications

𝐻 𝑧 = 1 − 𝑧ିே
1

𝑁ൗ

1 − 𝑧ିଵ +

2
𝑁ൗ (1 − 𝑧ିଵ cos 2𝜋

𝑁ൗ

1 − 2𝑧ିଵ cos 2𝜋
𝑁ൗ + 𝑧ିଶ

+

1
𝑁ൗ (1 − 𝑧ିଵ cos 4𝜋

𝑁ൗ

1 − 2𝑧ିଵ cos 4𝜋
𝑁ൗ + 𝑧ିଶ

θ

𝐻(𝜃)

-π 0                                                         π

1

1/2

θ

Wanted
Actual

Disadvantages: 
H(𝜃) is very sensitive for the actual position of the poles and the 
zeros (pole/zero cancelation)

d. IIR filters:

For stable system:

Therefore any h(n) can be approximated by hN(n):

Therefore any IIR filter can be approximated by a FIR filter of length (N+1)
Not feasible for large N

Stable IIR filter:

lim
௡→ஶ

ℎ 𝑛 = 0

ℎே 𝑛 = ቊ
ℎ(𝑛) 0 ≤ 𝑛 ≤ 𝑁

0 𝑛 > 𝑁

𝐹𝐼𝑅: 𝑦 𝑛 = ෍ 𝑎௜𝑥(𝑛 − 𝑖)

ே

௜ୀ଴

𝐼𝐼𝑅: 𝑦 𝑛 = ෍ 𝑎௜𝑥 𝑛 − 𝑖 −

ெ

௜ୀ଴

෍ 𝑏௜𝑦 𝑛 − 𝑖

ே

௜ୀଵ

𝑌෨ 𝑧 = ෍ 𝑎௜𝑧ି௜𝑋෨ 𝑧 −

ெ

௜ୀ଴

෍ 𝑏௜𝑧ି௜𝑌෨ 𝑧 = 𝑋෨ 𝑧

ே

௜ୀଵ

෍ 𝑎௜𝑧ି௜ − 𝑌෨ 𝑧

ெ

௜ୀ଴

෍ 𝑏௜𝑧ି௜

ே

௜ୀଵ

𝐻෩ 𝑧 =
𝑌෨ 𝑧

𝑋෨ 𝑧
=

∑ 𝑎௜𝑧ି௜ெ
௜ୀ଴

1 + ∑ 𝑏௜𝑧ି௜ே
௜ୀଵ

= ෍
𝐴௞

1 − 𝑃௞𝑧ି௜
 (𝑀 < 𝑁)

ே

௞ୀ଴

ℎ 𝑛 = ෍ 𝐴௞𝑃௞
௡𝑢(𝑛)  (𝑃௞ 𝑟𝑒𝑎𝑙 𝑜𝑟 𝑐𝑜𝑚𝑝𝑙𝑒𝑥)

ே

௞ୀ଴

𝑃௞ < 1 𝑘 = 0,1, … , 𝑁

29
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Direct form 1

• N Poles and M zeros in the z-plane
N-M zeros in z=0 or M-N poles in z=0

• M+N delay elements
M_N+1 multiplications and M+N additions for each y(n) 

𝑦 𝑛 = ෍ 𝑎௜𝑥 𝑛 − 𝑖 −

ெ

௜ୀ଴

෍ 𝑏௜𝑦 𝑛 − 𝑖

ே

௜ୀଵ

𝐻෩ 𝑧 =
∑ 𝑎௜𝑧ି௜ெ

௜ୀ଴

1 + ∑ 𝑏௜𝑧ି௜ே
௜ୀଵ

𝐻෩ 𝑧 =
𝑧ିெ(𝑎଴𝑧ெ + 𝑎ଵ𝑧ெିଵ + ⋯ + 𝑎ெ)

𝑧ିே(𝑧ே + 𝑏ଵ𝑧ேିଵ + ⋯ + 𝑏ே)
= 𝑎଴𝑧ேିெ

𝑧 − 𝑧ଵ 𝑧 − 𝑧ଶ … (𝑧 − 𝑧ெ)

𝑧 − 𝑃ଵ 𝑧 − 𝑃ଶ … (𝑧 − 𝑃ே)

N=M=3

Direct form 1

N+M delay elements

N+M+1 multipliers

Direct form 2

Max(N,M) delay elements

N+M+1 multipliers

“Canonic”

Very sensitive (D.F. 1 and 2)

𝐻෩ 𝑧 =
𝑎଴ + 𝑎ଵ𝑧ିଵ + ⋯ + 𝑎ெ𝑧ିெ

1 + 𝑏ଵ𝑧ିଵ + ⋯ + 𝑏ே𝑧ିே

Poles            Zeros
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Transposition

Theorem: If in a digital filter
• Signal flow is reversed (output = input)
• Adders Node

The resulting system has the same function as the original structure

x(n)

T

T

+

a0

a1

a2

y(n)

T

T

+

-b1

-b2

Direct form 1

x(n)

T

a0

a1

a2

y(n)

+
-b1

-b2

T

+

T

+

T

+

Transposed direct form 1

Cascade structure

Assume N=M

𝐻෩ 𝑧 = 𝛼
∏ (𝑧 − 𝑧௞)ே

௞ୀଵ

∏ (𝑧 − 𝑧௞)ே
௞ୀଵ

= 𝛼
∏ (1 − 𝑧௞𝑧ିଵ)ே

௞ୀଵ

∏ (1 − 𝑃௞𝑧ିଵ)ே
௞ୀଵ

= 𝛼 ෑ
1 − 𝑧௞𝑧ିଵ

1 − 𝑃௞𝑧ିଵ

௞భ

௞ୀଵ

ȉ ෑ
1 + 𝑎ଵ௞𝑧ିଵ + 𝑎ଶ௞𝑧ିଶ

1 − 𝑏ଵ௞𝑧ିଵ − 𝑏ଶ௞𝑧ିଶ

௞మ

௞ୀଵ

Real poles
zeros

Complex conjugate
poles/zeros

= 𝛼𝐻෩ଵ 𝑧 ȉ 𝐻෩ଶ 𝑧 ȉ ⋯ ȉ 𝐻෩௞(𝑧) 𝑘 = 𝑘ଵ + 2𝑘ଶ

x(n) y(n)
𝐻෩ଵ 𝑧 α𝐻෩ଶ 𝑧 𝐻෩௞ 𝑧

𝐻෩௜(𝑧) may be direct form 1 or 2 or…

Advantage of this structure
The influence of the finite representation of the coefficients on the transmission function is
very small as compared with the direct form (one/two coefficients determine the position
of each pole and each zero)
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Parallel structure

𝐻෩ 𝑧 = 𝛼
∏ (1 − 𝑧௞𝑧ିଵ)ே

௞ୀଵ

∏ (1 − 𝑃௞𝑧ିଵ)ே
௞ୀଵ

= 𝐴଴ + ෍
𝐴௞

1 − 𝑃௞𝑧ିଵ

௞భ

௞ୀଵ

+ ෍
𝐴଴௞ + 𝐴ଵ௞𝑧ିଵ

1 − 𝐵ଵ௞𝑧ିଵ − 𝐵ଶ௞𝑧ିଶ

௞మ

௞ୀଵ

Real pole Complex conjugate
Poles pair

x(n) y(n)

𝐻෩ଵ 𝑧

α

𝐻෩ଶ 𝑧

𝐻෩௞ 𝑧

+

Direct form 1 or 2 or…

Small influence of coefficients on the
position of the poles; this in contrast with
the position of the zeros

Digital oscillators

Some trigonometric formulas:

We write:

Using this goniometric  equations, we are going to design a digital oscillator

cos 𝑥 ± 𝑦 = cos 𝑥 ȉ cos 𝑦 ∓ sin (𝑥) ȉ sin (𝑦)

cos 𝛼 + cos 𝛽 = 𝑐𝑜𝑠
𝛼 + 𝛽

2
+

𝛼 − 𝛽

2
+ 𝑐𝑜𝑠

𝛼 + 𝛽

2
−

𝛼 − 𝛽

2

= 𝑐𝑜𝑠
𝛼 + 𝛽

2
ȉ 𝑐𝑜𝑠

𝛼 − 𝛽

2
− 𝑠𝑖𝑛

𝛼 + 𝛽

2
ȉ 𝑠𝑖𝑛

𝛼 − 𝛽

2

+𝑐𝑜𝑠
𝛼 + 𝛽

2
ȉ 𝑐𝑜𝑠

𝛼 − 𝛽

2
+ 𝑠𝑖𝑛

𝛼 + 𝛽

2
ȉ 𝑠𝑖𝑛

𝛼 − 𝛽

2

= 2𝑐𝑜𝑠
𝛼 + 𝛽

2
ȉ 𝑐𝑜𝑠

𝛼 − 𝛽

2

cos 𝛼 = 2𝑐𝑜𝑠
𝛼 + 𝛽

2
ȉ 𝑐𝑜𝑠

𝛼 − 𝛽

2
− cos(β)
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cos 𝛼 = 2𝑐𝑜𝑠
𝛼 + 𝛽

2
ȉ 𝑐𝑜𝑠

𝛼 − 𝛽

2
− cos(β)

Substitute:   𝛼 = 𝑛𝜃 𝛽 = (𝑛 − 2)𝜃

Thus:   ఈାఉ

ଶ
= (𝑛 − 1)𝜃 𝑎𝑛𝑑

ఈିఉ

ଶ
= 𝜃

cos 𝑛𝜃 = 2𝑐𝑜𝑠 (𝑛 − 1)𝜃 ȉ 𝑐𝑜𝑠 𝜃 − cos((𝑛 − 2)𝜃)

cos 𝑛𝜃 = 𝑦(𝑛) 𝑎𝑛𝑑  2 cos 𝜃 = 𝑏

𝑦 𝑛 = 𝑏𝑦 𝑛 − 1 − 𝑦(𝑛 − 2)

y(n)+

TT

-1 b

y(n-1)y(n-2)

b=2cos(θ)

The frequency can be tuned by b:

or:

Question:

𝜃 = 𝑎𝑟𝑐 𝑐𝑜𝑠 𝑏
2ൗ

𝑏 = 2 cos 𝜃 → cos 𝜃 = 𝑏
2ൗ

𝑦 𝑛 = cos (𝑛𝜃)
?

y n =
2

1 − cos (2𝜃)
𝑐𝑜𝑠 𝑛𝜃 + 𝑡𝑔ିଵ

1 − cos (2𝜃)

sin (2𝜃)

If applying δ(n) to start oscillation

Generation of cos(nθ) ans sin(nθ)

Substitute:

Initial conditions !

cos 𝑛𝜃 = 𝑐𝑜𝑠 𝜃 + (𝑛 − 1)𝜃 = cos 𝜃 cos 𝑛 − 1 𝜃 − sin 𝜃 sin 𝑛 − 1 𝜃

sin 𝑛𝜃 = sin 𝜃 cos 𝑛 − 1 𝜃 + cos 𝜃 sin 𝑛 − 1 𝜃

cos 𝑛𝜃 = 𝑦ଵ(𝑛) sin 𝑛𝜃 = 𝑦ଶ(𝑛)  

cos 𝜃 = 𝐴 𝑎𝑛𝑑 sin 𝜃 = 𝐵

𝑦ଵ 𝑛 = 𝐴𝑦ଵ 𝑛 − 1 − 𝐵𝑦ଶ 𝑛 − 1

𝑦ଶ 𝑛 = 𝐵𝑦ଵ 𝑛 − 1 + 𝐴𝑦ଶ 𝑛 − 1

T +

T +

-B

B

A

A

y1(n-1)

y2(n-1)

y2(n)=sin(nθ)

y1(n)=cos(nθ)

A=cos(θ)
B=sin(θ)
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Use of tables (ROM)

Example:

Store the values 1; 0; -1; 0 in a ROM

In general:

Store N values in a ROM

Remark: If certain symmetry relations exist, less values have to be stored

𝑐𝑜𝑠 𝑛
𝜋

2
= ൞

1 𝑛 = 0 + 4𝑘  
0

−1
𝑛 = 1 + 4𝑘
𝑛 = 2 + 4𝑘

𝑘 = 0, 1, 2 …

0 𝑛 = 3 + 4𝑘  

𝑐𝑜𝑠 𝑛
𝑘

𝑁
2𝜋  𝑖𝑠 𝑝𝑒𝑟𝑖𝑜𝑑𝑖𝑐
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