Digital filters
Classifications:
Structure

Non recursive Digital Filters (NRDF)

Recursive Digital Filters (RDF)

Finite impulse Response Digital Filters (FIR)

1
2
* Impulse response
3
4

Infinite impulse Response Digital Filters (IIR)

Relations:

NRDF Z FIR
RDF IIR

This means:
NRDF always FIR
IIR always RDF
FIR both NRDF and RDF
RDF both FIR and IIR

1. NRDF: Each digital filter can be described by a set of difference equations.

4.1

Variables: x(n) input signal
y(n) output signal
uy(n), uy(n),... internal variable
Example @:Lo 2
x(n)
T
uy(n) uy(n) | y(n)
+ i

u (n) = ax(n) + bx(n — 1)

u(n) = uy () +y(n)

ym) = cup(n—1)

ym) =cuy(n-1D+cy(n—-1)

A set of difference equations is called non recursive if none of the u;(n) or y(n)
depends on previous values of itself (no feedback)

Therefore: The example is a recursive structure
Remark: In the survey a none theoretical treatment is given
_——

20/03/2020



Example @;L 3
o

x(m) *B x(n=1) u(n) = ax(n) + ax(n —1) D
y(@m) = byx(n) + cqu(m) + cau(n—1)  (2)

ay a;
-1
Humrum-1
[ [
by €1 C2 . .
Special form: transversal filter
y(n)
+ —> From (1):
u(n) = a;x(n) + azx(n—1) 3

Substitute (3) and (4) into (2): un—D =ax(n-D+ax(n-2) 4)

y(n) = bix(n) + ciax(n) + ciax(n — 1) + cpayx(n — 1) + cpax(n — 2)
= (b1+cia)x(n) + (c1a, + ca1)x(n — 1) + cax(n — 2)
=A, x(n)+A,x(n— 1)+ Azx(n —2)

General:

M
_ ) . {0 for n<0 and n>M
() = ;Alx(n 2 h(n) = {AM for 0<n<M

Seesection on FIR filters
— —

2. RDF @:L @:L
* In an RDF at least one of the variables depends on previous values of itself o

* Any RDF must contain at least one closed loop

* Realizability: each closed loop contains at least one delay element

Example 1

ymn)=x(n—1)+ay(n—1)
_y(m) IR filter (RDF)

) 0 n<0
h(n)_{a"‘l n=1

y(n) = —a*x(n—5) +ay(n—1)

0 n<0
h(n) =<{a™! 1<n<4
0 n=5
h (n)
_y(m

Example a =1/2

“HIIH:

— —
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Initial conditions é}‘o 5

Until now it was assumed that a digital filter is started with empty registers with initial
conditions:
* For a NRDF the influence of the initial conditions
has disappeared after at most N periods
(N = lengthof h(n))

ie  For a RDF an addition response results

'_ e If the filter is stable,

g the transient response disappears

* Even for a FIR filter the transient
may have an infinite duration

3. FIR filter @:L @
A causal FIR filter of “length” N+1: o
* h(n)=0forn<0andn >N
o N
* Is stable because Z |h(n)| = Z|h(n)| is finite
n=-o n=0

Transmission function:

N
H(P) = Z h(n)e=in®
n=0

System function: N
f(z) = Z h()z™™ = h(0) + h(1)z~t + - + h(N)z™V

n=0

1(0)zN+h(1)zN "1+ +h(N) _ h(0)
= =R (2 —2)(2 — 22)(2 — 2y)

= N zeros in the z-plane, N poles in z=0 (thus filter is stable)

¢ Transversal filter

¢ Transversal filter x(n) ] i [+]

S or : - = T

‘ direct form structure ho) h(1) h(2) h(N-2) \h(N-1) "y h(N)
| * '

lv(n)
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Transpose direct form 407

Define  up(n) ...uy(n) x(n) = 8(n)
up(n) = h(N)x(n) = h(N)8(n)

u;(n) = h(N — Dx(n) + uy(n — 1) = h(N - 1)5(7’1)\4‘}1(1\/)5(7’1 - 1)\)
u,(n) = h(N —2)x(n) +u;(n—1) =h(N—-2)§(n)+ h(N-1)6(n—1) + h(N)(n — 2)

u(n) = h(N —.k)x(n) +ug_4(n—1) =h(N—-k)6(m) +h(N—-k+1Dé(n—-1)+ -+ h(N)S(n—k)

uy(m) = h(0)x(n) + uy_(n—1) =h(0)6(n) + h(1)6(n—1) + -+ h(N)6(n — N)

N
) = up( =y() = Y h()5(n ~ k) = h(n)
- k=0

up(n —1)

£ ? A 3
uy(n) T u, (n) u,(n) Uy _ 1(”) uy(m) =ym) 4

Both structures use: @:L
* N registers (less than N is impossible) o

They are called canonic realizations

Both structures require:

* N+1 multiplications
e N additions Computationally equivalent
Example

5 delay elements h ()

2 multipliers

2 multiplications + 2 additions per y(n)

4 delay elements
3 multipliers

3 multiplications + 3 additions per y(n)

e
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Group Delay

system. Sbs‘)’ew\.

63— hind s yi) TSk o e s v

¥ Frequeney respmse - HC%)12=CJ‘U = HCCJN}
iy = [H(ed™)| ZHEeS :

H(e 3 [mnjm'h&c phase opid oL Phgsg_ shift

: response £ L) due & A deky

g Throu.jk Zhe Sys'ku.\,

2| % Growp do?aj :

T(») = 3rﬂEH(€J“3J =
—

s 6"0‘-“1’ CLC/Q&‘J :

W rC(w) = %F&[H(eu{w}j :-C_?_EJEZH(EJ;)%‘

| Bt = G A SRR i A G e W= 1T e |
+Ex. hinl= $-51 &« system ban jded d.

l of & sewmple tinres
WD =S htw]z"=5 §[nEJz" = 2°F

Nn=-0 n=-900 t . F R
o otheaw/se

H(e) = (eioy® = (&
prase = JH(ei?) = - Seo

| D) =8 somples |

maqn Thade
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T(W) = grif Heiy] = -2 f/He)

+ Ex. hinl-= éi_l,(,l,l,lg <4£— 39Stem @ a S-pont
t

‘n=l n=4 mDWhj aveinger

h{n] = J_._-;( Sn[n] + ¢n-1J+ g{n-2D +Sn-273 ¢ SC"“U)

H)= (2" ¢+27 +2- 223+ 2:‘9)

H(es) = Jg(gjzw e e C—JZ“;‘ )@‘Jz"-'
real - valeed

LH(e?) = 20— [Tloy= 2 cumpks |

¥ GV‘OWP cioQaj :
T = grauem] =g fLuen}
B Dhifel =Lt U0 a % e System w. a S-pont

SEGEE mDW'Pj avenger
|Z‘Cw)= 2 samples } ot decs Fhi mesn physictly €

ter
Cer Hﬂ:i.;ala- e
o= °+evdl-
2(n) = w3 Yl | trensd
a1
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Important property of FIR filters @}0@
It is possible to have a linear phase W (8); this means a constant group delay 7, = — dly(e)/dg
A FIR filter has a linear phase if for an integer k and for all n:
h(n) =h(k—n) or h(n)=—-h(k—n)
Causality: h(m) =0 for n<0
Therefore: h(n) =0 for n>k
Examples I
h(n) =h(k—n
_ Th () () =~k =1 1y
] K=10 K=11
i WHN H‘ HH%
4 —>n
i 0 2 4 6 8 10 02 4 6 8 1011
) K=10 Th e K=11
i ”r41 8 10 |I14”81011
; ol 2 Lellll —>n o 2161‘11 —>n /
==
13

E xa W\p\e; f—\llpass

H&)= (-—-————* -t 'qst-.)s

|+ 95 %

72\

1"'1,3

D
=
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AM) (4+Tbna\ 6\., Stem Fanctrionm H[q,j 2.
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Exnmple All-fvaGQ Syqfew\ "
Hey= 2=, ol 8
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i
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19

To factor HEY= Ha® Hap(2) s
l) Take z2eros that \ie ourside tel=\ and move Yo Ha (E)
2) Add ?o\es 4o P«,e(%\ n con;uosndtﬂ. v‘:mer‘ac.ca.‘ |oc.n.'i‘r°\'\5
of' reros
2) Pt veces in Wygal®) ¥o cancel poles adled o Hepl)

Suppose.  HED= W (- 5 1gl>t, WL win phase

N AE= H®ED (F'-8) /\ife& i\f\@

L

N\C" ‘?

H o Al%) ﬂy
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UNAM + TODOS LOS DERECHOS AESEAVADOS @ MEXICO. 2011

21
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Special FIR filter Td ) @;L 1@
o

a. Difference routing digital filter (DRDF)

x() y(n) = x(n) * h(n) ‘ m
AT S

i T o T — =
Define: d(n) = h(n) — h(n — 1) Smaller dynamic range
ym) = z h(n — k)x(k) Fd ()
k ‘ I I TGHH'-LH lj' i T T
yn—1 =) h(n—1-k)x(k) ) =L 147 v
N |

Ly —ym- D = um) = Y T~ ~ b~ 1D} = > dn— k)x(h) = d(n) » x(n)
8 T =

; Therefore: u(n) =y(n) —y(n—1) =d(n) *x(n)

ym)=um)+ymn—-1) with um) =dn)*xMn)

x(n) EMIMHH y(n)
e T
y(n-1)

—_— —

23

b. Comb filters @:L 1 1
o
In a digital filter:
replace each delay element T by a cascade of N delay elements
or replace each Z1 by ZN or Z by ZN A - C(2) = A M)
H(6) = H(e/%) - G(0) = G(e/9) = H(e/N9)
=H(NO)
Example 1
TH(6) No3
-t 0 nﬁ 6
T6e0)
-t -n/3 0 n/3 n% 0
= o
24
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5 poles in z=0

5 AESEAVADOS @ MEXICO,

VDOS LOE DERES HO:

5 zeros: z, = e /25
k=1234

Example 2 X& @;L 12
~ z—1 °
Hz)=1-z1=

Zero: z=1 ; Pole: z=0 2] 0
$imz H(O) =1-e7% = 2jsin <§>e_]7
Tae)
-
Rez
U 0 “_)e
L z5 -1
P H@) =1-z7=—
z

c. Frequency sampling filter

Ho/ |
—> N —>
1-—z71
H, H, I
LN PR , / / L L
1—z71e/?INn 1 —z-1e/2"/n
H H_ ]
| Z/N Z/N L o
= : 1—z 1/ 1—z-1e7/*/n L By
I ! Y
< 1
. 1 N=8 :
g /rlm z /rlm z
z 11
" ]
| —> —
. K‘/ Re z Re z

20/03/2020
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Example: N=5 @;Lo 1@}

Choose: H_, =Hy=H,=0andH_; =H, =5
Recursive part of H(z):

H H_
1/N 1/N ~ 1 N 1
1—z71e2"/N 1 —771e72"n 171125 1 —z-1e71 /5

2—2z"1cos (2”/5)

B 2 -2z cos (2”/5)
" 1-2z-1cos (2”/5) +2z72

1—2z"1cos (2”/5) +2z72

H(z)=(1-2z7%)

; ﬂ)@ u(n) 2 -2z cos (2”/5) y(n)
1—-2z"1cos (2”/5) +z72

g Hy(0) ! /

1
Hz(6)

T4

Realization @:L 15
2—2z"tcos (2”/5) 2-0.618z71 S

H(z) = (1-27%) =(1-27°) - =
1 —2z"1cos (277.'/5) 472 1-0.618z71+ 272

“(1-279)

2—-0.618z71
1-0.618z71+ 22

; Be careful !
E Initial conditions !
Quantization of the coefficients !

w
\

20/03/2020
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Adventages of the frequency sampling filter TH(o) @;rl"o 1 6

Very simple for narrow band filter 1

— +
1=2"1 " 12771 cos 27""/N) +z72 1-2z71 cos(4”/N) +z72
1 multiplication
3 multiplications

3 multiplications

1/2

2 >0
n ol n

1/N Z/N (1—z"cos (ZH/N) s 1/N (1-z71 cos(4”/N)

Hz)=00-2z71

5 7 multiplications Disadvantages:

H(0) is very sensitive for the actual position of the poles and the

0 Imz zeros (pole/zero cancelation)
,.f\
i £y Actual
_ /W Wanted ),v \/
o S 9
Kj _R> / 0
: ez —
Unstable —
=———— . —========

29

d. IIR filters: 4 ° 1 7

Therefore any h(n) can be approximated by hy(n):

Therefore any IIR filter can be approximated by a FIR filter of length (N+1)

Stable IR filter: [Px| <1 k=01,.,N : —

For stable system: lim h(n) =0
n—oo

h(n) 0<n<N

() =174 n>N

Not feasible for large N y
FIR: y(n) = Z aix(n —1i)

=0
M N
IIR: y(n) = Z aix(n —1i) —Z byy(n —1i)
1;10 N
Y2 =) aiz7X(2) = ) biz7V(2) =X(2) ) a;z7t—YV(2) ) bz}
ST SR S
~ Y(z) {"’Oa iz i
A == Zl—Pk . (M<N)

X(2) 1+Z’l"1bz L
N

h(n) = Z AP "u(m)  (Py real or complex)

k=0 1‘4

h

| ========

———

30
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Direct form 1
M N

y(n) = Z a;x(n—i) —Z biy(n—1)
=

i=0 x(n-1)
M —i
~ i—o AiZ
H(Z) = Zl+l_1
1+ X biz (n-2)
x(n-M-2)
x(n-M-1)
: X(n-M)
g ~ zM(agz™ + a;zM 1 + -+ a
£ H(Z) — ( 0 1 M) —

vy @ =21z —273) .. (2 — z)

* N Poles and M zeros in the z-plane
N-M zeros in z=0 or M-N poles in
¢ M+N delay elements

Z—N(ZN + blzN—l + -

+by) N G =P)z-P,)..(z— Py)

z=0 %

M N+1 multiplications and M+N additions for each y(n)

31

vin)

Po‘les Zeros

——

N=M=3
Direct form 1
N+M delay elements

N+M+1 multipliers

Direct form 2
Max(N,M) delay elements
N+M+1 multipliers

“Canonic” H(z) =

— - Very sensitive (D.F. 1 and 2)

ag+ayz7t+ o+ ayz
1+ blz_l +

32
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Theorem: If in a digital filter

« Signal flow is reversed (output = input)
* Adders <—Node

The resulting system has the same function as the original structure

Direct form 1

Transposition 4 & 2 0

Assume N=M

A = B =20 e = 227D
Hk I(Z - Zk) HIIX 1(1 - PkZ_l)

3 l_[ —zz7t l_[ 1+ a,z7t +ayz™?
_ak 1—PkZ 1—b1kZ 1 bsz_Z

Real poles Complex conjugate
zeros poles/zeros
. =af,(2) - Hy(2) - - Hy(2) k=kq+ 2k,

W e —{mo F- {70 I_)w)

?i(z) may be direct form 1 or 2 or...

)

gAdvantage of this structure

iThe influence of the finite representation of the coefficients on the transmission function is

very small as compared with the direct form (one/two coefficients determine the position
:of each pole and each zero)

Cascade structure 4 2 1
[ ]

20/03/2020
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Parallel structure

4.22

E
- ———

|

3 Direct form 1 or 2 or...

—

ka
~ 1—2z,z71) Ao + Azt
f(z) = Hk 1( k A°+Z 4 0k - 1k -
Hk 1(1 PkZ 1- PkZ =] 1- Blkz - szZ
J L J
T
Real poIe Complex conjugate
Poles pair
x(n) NG ] vin)
e

Small influence of coefficients on the
position of the poles; this in contrast with
the position of the zeros

35

Digital oscillators

Some trigonometric formulas:

We write:

cos(x + y) = cos(x) - cos(y) F sin(x) - sin(y)

cos(a) + cos(B) = cos [a ——+

a
. +cos[

2

+B a—ﬁ]+cos[a+ﬁ_a—ﬁ

[a+ﬁ
= cos |[——| - cos

+B
- cos

2

a-p at+pB|l Ja-p
7|~ sin

a—p C|a+p
[ > + sin

[a + ﬁ]
= 2cos > .+ coS

=

E a
H cos(a) = ZCOS[ >

+B

]'COS

a—g
[ 7| ~cos(B)

20/03/2020
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2 2

Substitute: a=nf [ =(Mn-2)0
Thus: a%ﬁ =m-1)0 and azi =0

cos(nf) = 2cos[(n — 1)8] - cos[6] — cos((n — 2)6)
cos(nf) =y(n) and 2cos(6) =b
ym) =by(n—1) —y(n-2)

y(n)

The frequency can be tuned by b:
b = 2cos(8) = cos(B) = b/z
or:
6 = arc cos (b/z)

b=2cos(6)

y(n-2) y(n-1)

Question: y(n) Z cos(n@)

_ ’ 2 . 1—cos(20)
y(n) = TS(ZH)COS (17.9 +tg 1W>

cos(a) = 2cos [a - ﬁ] - cos [a A cos(B) 4 . 2 4

—
— If applying &(n) to start oscillation — — |
37
Generation of cos(nB) ans sin(nB) 4 . 2 5
cos(nB) = cos[6 + (n — 1)8] = cos(8) cos[(n — 1)8] — sin() sin[(n — 1)6]
sin(n@) = sin(@) cos[(n — 1)8] + cos(O) sin[(n — 1)6]
Substitute: cos(nf) = y,(n) sin(nf) = y,(n)
cos(f) =A and sin(@) =B
yi(n) = Ay;(n—1) = By,(n— 1)
y2(n) = By;(n — 1) + Ay,(n — 1)
y1(n-1) NG
LB 74 T y1(n)=cos(nB)
B A=cos(0)
B=sin(0)
B
(n)=sin(nB)
. >II>A ] y,(n)=sin(n

¥(n-1) e

Initial conditions ! '
38
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Use of tables (ROM)
Example:
1 n=0+4k
cos(nz>= 0 n=1+4+4k
2 -1 n=2+4+4k
0 n=3+4+4k

Store the values 1; 0; -1; 0 in a ROM

In general:
k ) o
cos nﬁ2n is periodic

Store N values in a ROM

k=0,12..

Remark: If certain symmetry relations exist, less values have to be stored

4.26

A\

|
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