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_DETECTION THEORY
AND BAYES'CRITERION

RECONOCIMIENTO DE PATRONES
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Example

Source

Hyir=1+n,

- Hyir= -1+ n.
Transition Observation
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Possible decisions

B St e

Hj true; choose H,.
H, true; choose H,.
H, true; choose H;.
H, true; choose H,.
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‘Bayes Criterion

R = CyoPy Pr (say Hy|H, is true)
+ CyoP, Pr (say H,|H, is true)
+ C,,P, Pr(say H,|H, is true)
+ Co1 Py Pr (say Ho|H; is true).

Say Hyp

Py, (RIH1)

Source

Py| 1, (R|Ho)

Say Hi

Bayes test:

* A priori probabilities

* Associated cost

* Risk: expected value of
cost

Z: observation space

Decision regions




ecision regions

R = CooPo J; Prin,(R|Ho) dR
o

+ CioPy f Doty (R Hy) dR

Source

+ Ci, Py fz Pr|H1(R|H1) dR

+ Co, Py L Pen, (R|H,) dR.
0

R = PyCyo L Prin,(R|Hp) dR + PoCig J.z ; Prn,(R|Hp) dR

Py u, (RIH1)

Py n, (R|Ho)

+ P;Cpy J; Prin,(R|H,) dR + P,Cy,y J‘z . prlHl(RlHl) dR.
o ~%

Say Hp

Z: observation space

Say Hi

Wrong decisions costs higher
tan correct decisidn costs:

Cio > Coo,
Coi = Ciss

11/03/2020

Observing that:
[, Peno(RIHo) dR = [ pyu, Rl aR = 1,
Risk reduces to

.R = Pnc'”) + P1C11
+ f {[PACor — Cy 1), (RIHD)]

= [Po(Cro = Coo)prir,(R| Ho)]} dR.

Remember:

Cio > Coo,
Cor > Cyy.

All values of R where the second term is larger
than the first should be included in Z, because
they contribute a negative amount.

All values of R where the first term is larger than
the second sholud be excluded from Z, (assigned
to Z,) because they contribute a positive amount
to the integral.




Alternately

Priu, (R H:) A1 Po(C1o0 — Coo)

If P(Cor — Cr)Pein, R|H;) = Po(Crp — Coo)prin,(R| H),

Prin,(R|Ho) 7o Py(Coy — Cyy)

Likelihood ratio Threshold
Prin (RlHl) A Py(Cyy — Coo)
gyt nich el it Latpos. et RS
A= Pring(R| Hp) 7= Pi(Co — Cu)

Likelihood ratio test

Assign Rto H;

Hy Hy
AR) Z 7. In AR) 2 In .
Ho 0
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Example

1 R#
PatnaRIHD) = po(R) = 2 exp (~7o5)-

Source
Hy:ry=m+n i=1,2...,N,
Hy:r, = ng i=131,2,...,N, l
1 X?
(X)) = \/-Z-;Uexp( 70 )’
m
Hy:
]
1 (R, — m)?
———

Voltage is corrupted by additive noise.
N noise samples with zero-mean
Gaussian distribution

n(t) N samples
ot ey
ra
% r3
) Sampler

Processor




Samples statistically independent,
therefore joint pdfs:

e 1 (R, — m)?
pein(RIH) = T T o= exp (- Fgz™),

a

R = [T exp (—15).
Primo ) = L Var o 20

Likelihood ratio

N 2
mAR) =5 5 R, _’%"-
=1

2
g i

Likelihood ratio test

m Nm#* "1
_2le_ 0] 2 Ilnqg
L 20% Hy

N Hy g2 Nm

R zZ—Inn+ — 4y
lZl Yam ! 2 4

Sufficient statistic

R,

Mz

]
=
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..., Ty, Zero-mean
Gaussian random variables with different variances.

N independent values: ry, r,, 13, ..

R N 1 ( R.z)
prim,(RIH)Y) = :=1—[1 Yin o, exp 20,%

R|H, —ﬁ : ex (-—'—Ri)
pl‘lHo( | D) - o1 \/-i_r; P P 2‘702

A pl‘IH1(R|H1)‘
A= Pris,(R|Hg)

Substituting and taking logarithm

1L AN s a0 "1
2( 012) [Z} RL + Nll.'.l a”ﬁ‘ln 7.

002

IR) = 3 R,

i=1

Sufficient statistic

Equivalent test for

1 20p%0,%

012 > 0’;12

H
> — 32) A
I(R) TT T et (ln 72— Nln o) &r

Equivalent test for

H| 2.2
I(R) }%u 2__!"0%

z
1 90 o

0,? < 0g®

@mﬂ—mﬂgw
oy
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False alarm
= L Priny(R| Ho) dR,
1
Detection P, = J. Prm.(R|H1) dR,
Z,
Miss Py = J‘z., Prr,R|H)dR =1 — Py,

R = P,Cyp + PCyy
¥ f {IPA(Cor — Cun)pm, (R|HL)]

— [Po(Cro = COO)PrIHn(RiHD)]} dR.

(slide 6)

R = PyCyo + P1Cyy + Pi(Cor — Cri)Py

ecision regions in the Bayes test

Threshold
Decide H, €——— ——> Decide H,

=~

False ala
probability

J
{ Miss detection
'/ probability

* Rgis the true Bayes
Risk for varying P,

R; is the Bayes test
for fixed Py, and Pe.,
i.e. the risk grows if
true P, is unknown.

= Po(Ci0 — Cool(1 — Pp).
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R = PyCyg + P1Cyy + Py(Cor — C11)Py

== PD(CID =

*  Minimize the maximum posible risk
* Derive R with respecto to P1 and equal to zero:

(Cu T CDD) + (Cm - Cll)PM - (Cw - Cou)Pr =0

To guarantee concave curve, we assume Coo=0C11 =0
Co1 = Cu,

and denote
Cio = Cp.

Rewriting the Risk: R = CrPr + P(CyyPy — C:Py)

P,CrPr + P,CyPy

Minimax equation: CuPy = CpPp.

Mi'n_iﬁrkﬁa'x test

Coo)(1 — Pp).

Coo y Ciy
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er Oper_é‘tﬁing Characteristic

* Bayes Risk depends on P.and P,
* Recall Example 1

) N samples.
’ ———
A n "
m "
H g
6 o

L

Processor

o 12
Pryuy(R|Hy) = po(R — m) = L exp (—(R‘sz))

Vire

1 R?
P RIHD) = pu(R) = 2 exp (= 7)

* How to evaluate the performance of a likelihood test?

Likelihood ratio test

m ¥ Nm? "t
— LU
o? (ZI B 20% L

y m g2 Nm
RzZ—Ing+ — 4y
Z) |H<nm 7 3 ¥

[

Rearranging

j=Ll & pH VNm

o a
SR ARAEVES T
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rror bfr\c}babilities

N
/ 1
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PiiH, (L|Hop}

Threshold:

y

Y
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< ,
.

VNm
—Inn + o
Pyja, (LIHY)
Py
L
a VNm Ing d
Va et =7 *+ 3
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' Gaussian variables with different means

Properties:
* ROCs are concave, above P, = P,
* Slope of ROC is equal to threshold n
* Minimax operating point is the intersection with line
CFPF = CMPM = CM(I - PD),
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Homework random processes

Show that sinusoidal wave with random phase
X(t) = A cos(wt + O)

with pase O uniformly distributed on [0, 2rt] is stationary and
ergodic
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