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ABSTRACT

Heart diseases are one of the most important causes of death in the Western world. It is, then, important to
implement algorithms to aid the specialist in analyzing the heart motion. We propose a new strategy to estimate
the cardiac motion through a 3D optical flow differential technique that uses the Steered Hermite transform
(SHT). SHT is a tool that performs a decomposition of the images in a base that model the visual patterns used
by the human vision system (HSV) for processing the information. The 3D + t analysis allows to describe most
of motions of the heart, for example, the twisting motion that takes place on every beat cycle and to identify
abnormalities of the heart walls. Our proposal was tested on two phantoms and on two sequences of cardiac CT
images corresponding to two different patients. We evaluate our method using a reconstruction schema, for this,
the resulting 3D optical flow was applied over the volume at time t to obtain a estimated volume at time t+ 1.
We compared our 3D optical flow approach to the classical Horn and Shunk’s 3D algorithm for different levels
of noise.
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1. INTRODUCTION

Heart failure is a major health problem in developed countries and growing in developing countries.1 Some heart
diseases as myocardial infarction, ischemia or hypertrophy can be characterized by analyzing the dynamics of
the heart. During the cardiac cycle, contraction (systole) and relaxation (diastole) of the heart, the motion wall
estimation can be used to recognize those pathologies.

Different techniques of medical imaging are used commonly to analyze the heart. Cardiac CT is one of
the most important method due to its good temporal resolution and its possibility to provide images through
different planes or three-dimensional images of the body.2 It is then possible to acquire good quality cardiac
CT data of the heartbeats. Images are acquired over all cardiac cycles to produce the final volume image. It is
still hard for the physician to estimate the 3D motion during the exam. Therefore, it is important to develop
new algorithms to estimate 3D motion. Several methods have been used to estimate the optical flow of the
endocardial wall motion.3 Research on the measurement of cardiac motion has been commonly made in 2D+ t4

but this analysis should be done in 3D + t to enable us to describe the true motions of the heart, for example,
the twisting motion that takes place on every beat cycle. Compared to the 2D analysis, the 3D analysis has
not received such attention, although there are currently working groups that analyze optical flow in 3D mainly
using ultrasound images.5–8
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Figure 1. Distribution of the 3D Cartesian Hermite coefficients of a second-order voxel.

We propose a differential method for estimating the three-dimensional optical flow using the 3D Steered
Hermite transform, which is inspired by the human vision system (HVS).9 This model mimics some of the more
important properties of early vision such as local processing and the Gaussian derivative models of receptive
fields.10–12 A rotated version of the Hermite transform provides a very efficient representation of oriented patterns
which enables an adaptation to local orientation content at each window position over the image, indicating the
direction of two-dimensional pattern.

Our approach is a extrapolation to three dimensions of the well known Horn and Schunck’s method13 combined
with the 2D optical flow based on the Hermite transform proposed by Moya et al.14 The rest of the paper is
organized as follows: Section 2 describes the 3D Hermite Transform, Section 3 presents the experimental results
and discussion of this work, finally Section 4 concludes the paper and presents future work.

1.1 The 3D Hermite Transform

The Hermite transform (HT) is a perceptual model that decomposes digital images in relevant visual features.
It uses an approach that emulate the behavior of some important processes present in the human vision system
(HVS), as the use of a overlapping of Gaussian functions and the use of Gaussian derivative operators that are
found in the receptive fields of the HVS.9,15,16

The 3D Hermite transform is a three-dimensional case of the original definition of Martens,11,12 where the
3D Cartesian Hermite coefficients Ll,m−l,n−m are obtained by the convolution of the original signal L(x, y, z)
with the analysis filters Dl (x), Dm−l (y) and Dn−m (z) followed by a subsampling on a three-dimensional mesh
S by means of Eq. (1):

Ll,m−l,n−m(x0, y0, z0) = L(x, y, z)⊗Dl,m−l,n−m(x, y, z), (1)

where Ll,m−l,n−m(x, y, z) are the 3D Cartesian Hermite coefficients; l, (m− l) and (n−m) denote the analysis
order in x, y and z direction, respectively; n = 0, 1, . . . , N ; l,m = 0, 1, · · · , n; N is the maximum order of the
expansion that is related with the size of the window of M×M as N ≤ 2 ∗ (M− 1).

Fig. 1 shows the three-dimensional distribution of the 3D Cartesian Hermite coefficients of order two (N = 2)
in each direction, in this case 27 coefficients are obtained for each voxel of a volume.

The Hermite filters Dl,m−l,n−m(x, y, z) are determined by a Gaussian window v2(x, y, z) that expands the
local information in terms of a family of polynomials Gl,m−l,n−m(x, y, z) that are orthogonal with respect to
the Gaussian window. The analysis filters Dl,m−l,n−m(x, y, z) = Dl(x)Dm−l(y)Dn−m(z) have the separability
property by the symmetry of the Gaussian window and they can be obtained by Eq. (2):
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(a) The 2D Hermite coefficients N = 3[
L0,0 L1,0 L2,0 L3,0

L0,1 L1,1 L2,1

L0,2 L1,2

L0,3

] (b) The 2D steered Hermite coefficients N = 3[
L0,0 l1,θ
l2,θ l3,θ

]
Figure 2. The Hermite coefficients of a cardiac CT image.

where Hn represents the generalized Hermite polynomials (Eq. 3) and k = 0, 1, 2, . . . , ∞.

Hn

(x
σ

)
= (−1)n exp

(
−x

2

σ2

)
dn

dxn
exp

(
−x

2

σ2

)
. (3)

A steered version of Hermite transform called the Steered Hermite transform (SHT)17 is obtained by pro-
jecting the 3D Cartesian Hermite coefficients towards two local orientation angles (θ and φ) by Eq. (4):

ll,m−l,n−m,θ,φ(x0, y0, z0) =

n∑
m=0

m∑
l=0

(Ll,m−l,n−m (x0, y0, z0) · gl,m−l (θ) · gm,n−m (φ)), (4)

where ll,m−l,n−m,θ,φ(x0, y0, z0) are the 3D Steered Hermite coefficients.

To illustrate the results of the Hermite transform, in Fig. 2 (left) we show the Hermite coefficients (the
cartesian coefficients) for a cardiac CT image where N = 3 (l = 0, 1, . . . , N , m = 0, 1, · · · , l and n = 0, i.e., case
2D). In Fig. 2 (right) we show the steered Hermite coefficients for the Cartesian Hermite coefficients of Fig. 2
(left).

Fig. 3 shows the 3D Cartesian and the Steered Hermite coefficients on a volume representing the change of
the reference system and the approximation of θ and φ angles according to the gradient direction.

To calculate the direction of maximum energy we used the phase of the gradient given by Eq. (5):

θ = arctan
L010

L100
,

φ = arctan

√
(L100)

2
+ (L010)

2

L001

(5)

where [L1,0,0, L0,1,0, L0,0,1] (x, y, z)> is a good approximation of the 3D gradient through the Cartesian Hermite
coefficients.
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Figure 3. Ensemble of the 3D Cartesian (left) and Steered (right) Hermite coefficients of a cardiac CT volume.

2. OPTICAL FLOW USING THE HERMITE TRANSFORM

A differential method based on the work by Horn and Schunck (HS)13 was used to calculate the optical flow
method and, in order to avoid the main disadvantage of this method (low accuracy), the 3D Hermite transform
was proposed as a biological visual model. The local constraints of Horn and Schunck approach are defined using
the zero order and the 3D Steered Hermite coefficients as local descriptors of visual features of the volumes.

2.1 Model

The modified version of Horn and Shunck approach that allows to increase the accuracy of the optical flow
by using the Hermite transform, which involves an expansion of the Constant Intensity Constraint with the
incorporation of the 3D Steered Hermite Coefficient Constraint, is defined as follows:

[L0 (x + w)− L0 (x)] + γ

[
N∑
n=1

ln,θ,φ (x + w)−
N∑
n=1

ln,θ,φ (x)

]
= 0, (6)

where L (x, t) is a volume sequence, with x = (x, y, z, t)
T

representing the voxel location within a cubic volume

domain V ; w := (u, v, w, 1)
T

is a vector that defines the displacement u, v and w for each voxel at position
(x, y, z) within the sequence of volumes at a time t to a time (t+ 1) in the directions x, y and z respectively;
and γ is a weight parameter.

Thus, the modified functional of Horn and Schunck13 can be expressed as given by Eq. (7):

E =

∫
V

[L0(x)0 − L0(x + w + dw)1]
2

+ γ

[
N∑
n=1

{ln,θ,φ(x)0 − ln,θ,φ(x + w + dw)1}

]2
+ α|∇ (w + dw)|2

 dx.

(7)

To simplify the notation L000 (x) = L0 (x). L∗(x)∗ is the Cartesian Hermite coefficient ∗ at time t and L∗(x)1
is the Cartesian Hermite coefficient ∗ at time t+ 1.

Considering linear displacements in Eq. (6), by performing an expansion by Taylor series and by simplifying
the derivatives of the Hermite coefficients, as was demonstrated in,14 we obtain the 3D Horn-Hermite optical
flow functional (HOF3D) as follows:

E (w) =

∫
V

(
−[L0(x)t + duL100(x)W + dvL010(x)W + dwL001(x)W ]

2

− γ
N∑
n=1

[
ln,θ,φ(x)t + du ln,θ,φ,(m+1)(x)W + dv ln,θ,φ,(n+1)(x)W + dw ln,θ,φ,(l+1)(x)W

]2
+α|∇ (w + dw)|2

)
dx, (8)
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where:
L0(x)t = L0(x + w)1 − L0(x)0, (9)

L100 (x + w) = L100(x)W =
∂L000(x + w)1

∂x
, (10)

ln,θ,φ(x)t = ln,θ,φ(x)1 − ln,θ,φ(x + w)0, (11)

and

ln,θ,φ,(m+1)(x)W =
∂ln,θ,φ(x + w)1

∂x
. (12)

The functional of Eq. (8) was implemented within a multiresolution approach in order to calculate the small
displacements du and dv and to propagate the solution to higher resolution levels. For each resolution level an
iterative method for solving linear equations was carried out. Fig. 4 shows the steps of our method.

Figure 4. Procedure to implement the HOF3D approach.

3. EXPERIMENTS AND RESULTS

Our data set consists of two sequences of cardiac CT images. The tomographic studies were acquired with a
SIEMENS 16-slice CT system at 120kVp of tube voltage and 900mA. The scanner is composed of 128 detectors
and is synchronized with the ECG signal. Each image has a size of 512x512 pixels, quantized to 12 bits per
pixel. A contrast agent was also applied to each patient. Each sequence is composed by 10 frames showing the
heart variation throughout the entire cardiac cycle from diastole to systole.

In this section we present the results of the estimation of optical flow. To conduct the experiments, two
synthetic volumes were generated, one of them (a hexahedron) with a lateral displacement and another one (a
sphere) with a movement of expansion, were used. Also two sets of volumes, corresponding to medical CT images
were considered.

Although the constants, values and weight parameters are difficult to select and they depend on the particular
volume sequence, we experimentally found that good estimation of optical flow results for our dataset are achieved
with: for the three-dimensional Steered Hermite coefficients N = 4, for the multiresolution scheme five levels
and for the numerical solution 50 iterations.

For the functional of the Eq. (7), the weight parameter γ is used to weigh the contribution of the high
order Hermite coefficients in those regions where the intensity does not remain constant of a volume of another.
Secondly, the weight value of the smoothness term α can get information from neighbors in regions where the
intensity gradient is zero (uniform regions of flow), using averages from structures with spatial high frequencies
(i.e. edges). Large values of α give us a smoother flow but is relatively less important at locations with high
image gradients than elsewhere.
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Figure 5. Interpolation Error (a) and Normalized Interpolation Error (b), from sequences of the cardiac CT volumes.

For determining the values of the smoothness weight α and the weight parameter γ we performed a first
experiment over the available sequences of the cardiac CT volumes, we computed the 3D optical flow for several
values of α and γ to analyze the behavior of the Interpolation Error (IE) and Normalized Interpolation Error
(NE) metrics.

In the case of CT volumes there is not a ground-truth for the optical flow, so a reconstruction between the
volume in time t and the optical flow result was performed. The interpolation error is the root-mean-square
(RMS) difference between the known volume and the estimated interpolated volume as in:18,19

IE3D =

 1

M

∑
(x,y,z)

(I(x, y, z)− IGT (x, y, z))
2

 1
2

(13)

where M is the number of voxels.

We also compute a second measure of interpolation performance, the normalized interpolation error between
an interpolated volume I(x, y, z) and a ground-truth volume IGT (x, y, z), which is given as in:20

NE3D =

 1

M

∑
(x,y,z)

(I(x, y, z)− IGT (x, y, z))
2

‖∇IGT (x, y, z)‖2 + ε

 1
2

(14)

that represents a gradient-normalized RMS error, where ε is a scaling constant (e.g., ε = 1).

Fig. 5 shows that the best results for IE and NE are from α = 100 and γ = 10 onwards. Both graphics are
represented by a three-dimensional mesh being the best values the bottom of that mesh.

We tested the performance of the proposed HOF3D method in a second experiment using one of the synthetic
volumes generated (a sphere). We simulated the noisy volume using a pseudorandom number generator with
zero mean and different standard deviations (σn) which was subsequently added to the original volume. In this
experiment σn was set to 0, 5, 10, 15, 20 and 30. In Table 1 we show the interpolation error and the normalized
interpolation error for the noise levels given for the HOF3D method using optimized parameters α = 100, γ = 10
and N = 4. The proposed method has good results in volumes with standard deviations of noise smaller than
30.
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Table 1. Interpolation Error and Normalized Interpolation Error computed for a synthetic sphere sequence with several
standard deviation σn of Gaussian noise.

Gaussian Noise (σn) Interpolation Error Normalized Interpolation Error

0 0.03384 0.00866

5 0.05044 0.01012

10 0.05447 0.01699

15 0.05813 0.01797

20 0.05936 0.01869

30 0.06707 0.02371

We also present the results of the 3D optical flow for two cardiac CT sequences in Fig. 6. Both sequences
were analyzed from 0% to 90% of the cardiac cycle, labeled as 0 (from 0% to 10%), 10 (from 10% to 20%)
20 (from 20% to 30%), and so on. To compare our algorithm we obtained two optical flows, first one from a
three-dimensional Horn-Schunck method to compare it with our HOF3D method.

In both sequences we can observe the increment of the interpolation error from 20% to 30% (systole) and
from 50% to 60% of the cardiac cycle (diastole), where we have the stronger cardiac movement. Also we can see
that our method (HOF3D) give us a better performance in all the cases.

Figure 6. Interpolation Error (red dashed line) and Normalized Interpolation Error (blue solid line) for the 3D Horn-
Schunck and HOF3D methods, from two sequences of the cardiac CT volumes.
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Figure 7. Optical flow of synthetic volumes. A hexahedron (a), a hexahedron displaced laterally and its optical flow (b),
a sphere (c) and a sphere expanded and its optical flow (d).

Fig. 7 (a) and (b) shows the optical flow results for a synthetic hexahedron which it’s being displaced laterally.
In Fig. 7(a) the hexahedron in the first position is shown and in Fig. 7(b) the resulting flow is shown as well
as the displaced hexahedron which coincides with the hexahedron extrapolated from the first volume and flow
obtained. In Fig. 7 (c) and (d) we show a synthetic sphere expanding. In Fig. 7(c), the sphere is in its first stage,
Fig. 7(d) the sphere is expanded and the resulting flow is shown along with the interpolated sphere through the
flow.

In Fig. 8 we show a cardiac CT volume at 30% and 60% of the cardiac cycle. In both cases we can observe
the original volume (left), the interpolated volume (center), the difference between the original (ground-truth)
volume and its interpolated result (right).

In Fig. 9 we can see the results of a 3D Optical flow of two cardiac CT volumes computed at phases 20-
30% using the HOF3D method. The top image shows two phases of the cardiac cycle of volume 1 (for better
viewing a cut that volume was made). The bottom of the image shows the same phases of volume along with
the three-dimensional optical flow field.

4. CONCLUSIONS

In this paper we proposed a method for estimating the optical flow made entirely in 3D because this kind of
analysis enables us to describe most of the true motions of the heart, for example, the twisting motion that takes
place on every beat cycle.

Our approach for motion estimation have included a differential algorithm well known as Horn-Schunck
method and image structure information extracted from the Steered Hermite coefficients in the constraint terms of
the minimizing function. The Steered Hermite transform is a model that incorporates some important properties
of the first stages of the human visual system, such as the overlapping Gaussian receptive fields, the Gaussian
derivative model of early vision,10 and a multiresolution analysis.21,22 One of the advantages of this approach
is that the spatial scale of analysis becomes a free parameter that can be adjusted to make the algorithm more
robust to noise or to analyze spatial objects of different spatial dimensions. Another advantage is the inclusion
of structures obtained from higher order Gaussian derivatives which improves the estimation performance.

The proposed framework was validated first with several sequences of cardiac CT images and compared
with Horn-Schunck method and then with synthetic volumes. The results were evaluated for each volume of
the sequences using a couple of metrics. We obtained experimentally the optimum values for subsequent tests.
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Volume at 30% (ground -truth) Volume at 30% (interpolated)

Normalized Error
2.964e -01

10.22233

0.14822

0.074109

z5.215e -08

Difference between ground -truth
and interpolated volumes

Volume at 60% (interpolated)

Normalized Error

3.110e -01

0.23327

015551

0.077756

2.123e -07

Difference between ground -truth
and interpolated volumes

Regarding cardiac testing volumes, we observed that the interpolation errors were increasing as we approach the
systolic phase (between 20% and 30%) where there is a faster movement. To some degree, that happens to the
relaxation movement (between 50% and 60%) but with a lower error. We could also observe that the use of our
method (HOF3D) generally get lower interpolation errors and minor variations than with a traditional method.

Our proposal in which we can visualize the 3-dimensional vector field is a promising technique to better
describe the dynamics of cardiac cycles and the detection of some possible disease. Because the heart is an
organ that occupies a three-dimensional space, it is best to analyze and evaluate it in 3D. As future work we can
identity and characterize the main patterns of the heart movement using our 3D optical flow approach.
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volume (center), the difference between the original (ground-truth) volume and its interpolated result (right).
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Figure 9. Results of 3D Optical flow of two cardiac CT volumes computed at phases 20-30% (a) and 50%-60% (b) using
the HOF3D method.
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